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PREFACE 

In the preparation of this book the author has tried to keep 
ill mind the twofold requirement of a text-book ou Analytic 
Geometry : to bring out clearly the fundamental principles and 
methods of the subject, and to make it a natural introduction 
to more advanced work. Since for most students of Analytic 
Geometry the subject is quite as essential as a preparation for 
the study of Calculus as it is valuable for its own methods and 
body of facts, the method and notation of the Calculus have 
been used in their application to tangents, normals, and maxima 
and minima in the plane, and to tangent planes and lines in 
space. 

The eonie sections have not been accorded as much space 
relatively as in most text-books on the subject, but it is 
believed that the student's time in the usual brief course can 
be spent to greater profit in the study of such chapters as 
those on Trigonometric and Exponential Functions, Parametric 
Equations, Empirical Equations, Maxima and Minima, and 
Graphical Solution of Equations, than upon a prolonged course 
on the conies. Especially is tliis true for engineering students. 

The answers to many of the problems have not been given. 
Where the student can check the answer by graphical means, 
it is best that he should thus test the correctness of his work, 
and a complete list of answers tends to take away his incen- 
tive for doing this. 

The author is under many obligations to Professors D. F. 
Campbell, Alexander Pell, C. W. Leigh, and C. I. Palmer, of 
the Armour Institute of Technology, and to Mr. Paul Dorweiler 
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vi PREFACE 

of the Carnegie Technical Schools, for valuable criticism and 
advice, and to Professors Leigh and Palmer for the answers to 
many of the problems. The imperfections of the book are, 
however, the author's alone. 

For the drawing of most of the figures the author is indebted 
to Mr. John E. Boyd, and for the remainder to Mr. Edwin 0. 
Kaul, students in the School of Applied Science, Carnegie 
Technical Schools. 

N. C. EIGGS. 

CAENKQIE TKOHNlfiAL SCHOOLS, 

August, mio. 
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CHAPTER I 

GRAPHICAL REPRESENTATION OF NUMBERS. SYSTEMS 
OF COORDINATES 

I. POINTS ON A STRAIGHT LINE 

1. Point and ffumber. On a straight line let a fixed point 
be taken from which to measure distances, and let a definite 
length be chosen as a unit. If this unit be laid off in succession 
on the line, beginning at 0, other points of the line are obtained 
■whose distances from are 1, 2, 3, ■■-, etc, times the unit dis- 
tance. It is convenient to think of these points as represent- 
ing the numbers, or of the numbers as representing the points. 

Thus a point 7 units from may be taken to represent the 
number 7, and conversely the number 7 may be said to repre- 
sent the point. 

Since there are two points of the line at the same distance 
from P, one to the right, the n p p 

other to the left, and since ' ^ , , , , , , ,' i i 

there are both positive and -4-3-2-10 1 2 3 4 
negative numbers, let it be ^^"^ ^' 

i^eed that points to the right of shall represent positive 
numbers and those to the left of negative numbers. 

Thus a point 3 units to the right of represents the number 
3, and a point 3 units to the left of represents the number 
— 3. The numbers are also said to represent the points. 

It can be shown that to every point of the line there corre- 
sponds a real number, and conversely, to every real number 
there corresponds a point of the line. The whole system of 
real numbers may therefore be represented by points on a 



y Google 



2 ANALYTIC GEOMETRY 

straight line with one number for each point and one point for 
each number. 

The point is called the origin. It represents the number 



2. Notation. If P is any point of the line and la the ori- 
gin, the symbol OP is used to denote the number which repre- 
sents the point P. 

E.g. if P lies 3 units to the right of 0, then OP is 3 ; while 
if P lies 3 units to the left of 0, OP is - 3. 

It is convenient to denote the number which represents a 
point by a single letter, as x ; thus OP = x. Then if P lies to 
the right of 0, a.' is a positive number, and if P lies to the left 
of 0, ar is a, negative number. 

Different points on the line will sometimes be denoted by P 
with different subscripts, and the numbers representing these 
points by x with corresponding subscripts. 

Thus, in Fig. 1, 0Pi = x^ = 2, OP^^x.^^-i. 

3. Segments of the line. In speaking of any segment of the 
line, as AB, the first letter named is called the beginning, and 
the last letter the end, of the segment. 

Thus A is the beginning, and B is the end, of AB, while B is 
the beginning, and A is the end, of BA. 

It is important to represent the value of any segment of the 
line by a number, and this is done by defining the value of 
any segment of the line to be the number which would repre- 
sent the end of the segment if the beginning of the 6 
were taken as origin. 

Thus, in Fig. 2, with as origin. 



AB^G, BA = 
P^0 = 
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GRAPHICAL REPEESENTATION OF NUMBERS 3 

From the definition of the value of a segment it follows that 
the value of any segment read from right to left is negative, 
while the value of any segment read from left to right is 
positive. 

EXERCISE I 

1. Wbal Dumbers represent the points Pi, P^, Pi, A, B, in Fig. 2 P 

2. Wtat aro tiie values of PaPj, PiPs, Pj^P^, BPe, PsB ? 

3. H A be taken as origin, what are Uie numbers tliat represent Pi, P^, 
0, Pb, B? 

4. If the origin be moved two units to the right, how are the numhera 
representing different points affected. ? llow if the origin be moved h 
units to the right ? to the left ? 

i. Change of sign of a segment. Since any segment AB of 
the line contains the same number of units as BA, but is meas- 
ured in the opposite direction, it follows that 

BA = -Ali, or BA + AB = Q. 

5. Addition of segments. Let A, B, and be any three 
points on the line. Then 

A€ = AB + BC. 

Pboop. Three cases arise: 

(1) B between A and C, (2) A between B and C, (3) C be- 
tween A and B. 



FlO, 3. 

In(l), AC=AB + BG; 

n (2), AO=^BC-BA = BO+AB, by Art. 4, 

ir AG^AB + BG; 

a (3), AC -= AB - CB ^ AB + BC. 
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4 ANALYTIC GEOMETRY 

6, Subtraction of segments. By writing — CB instead of BO 
in the equation ot Ai-t. 5, namely, 

AC^AB + BC, 
that equation becomes 

AC = AB - CB. 

The results found in this and the preceding articles lead to the 
rules for geometric addition and subtraction of numbers that 
follow. 

7. Oeometric addition of numbers. Let P, and P^ be two 
points on the line represented by the numbers x^ and x^ respec- 
tively. Then OPj^x,, OPi = Xi. 

Three eases arise : 

(1) both numbers positive ; (2) one number, say x^, negative, 
the other positive; (3) both 
numbers negative. 

To represent geometri- 
cally the sum of x^ and cca lay 
off from tho end of x, a 
segment, P^P, equal to x^ 



P, P, P 

P, P P; 

p pp. o 



and 
from 0. 



from P, in the same direction a 



ii-ed 



= OP, + P,P, by Art. S, 
= OP, + OP; 



8. Geometric subtraction of numbers. Consider again the 
three cases of Art. 7. To represent geometrically the differ- 
ence Xi — x^ lay off from the end of a^ a segment P,P equal to 
— «2, i.e. having the same numerical value as x^ but opposite 
in direction. 
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GRAPHICAL REPRESENTATION OF NUMBERS 3 

Then OP = a^,-%. 

For, ill each ease, 

0P= OF, + 1\P= OP - PP, = OP, - OP^ = x, - x^. 

Another, and more important, expression of the difference is 
as follows: 

a?! -\ = OP, - OPi = OP, + A P P, ■ P, 

= P^O + OP,= P^P„ by Axt. 5, ~^ p/ q " ~ ' 

or PiJ*! = iCa — iCi- ' ' ' ' 

Pi P P^ 

Hence, tlie value of any aeg- ' ^ ' ' 

ment of the liTie is equal to tke ' ' " 

mimber that represents the end Tninus the nuviber that 7-epresents 
tlie beginning of the segment. 

This principle will be of frequent use hereafter. 

Illustratiox. In Eig. 6, if P^, P^, P^ are three points on 

P^ P4 P| Pj 



Fig. (i. 

the line represented by the immbers 2, —3, 4 respectively, 

PiPj = -3-2 = -,'), P„Pi = 2~(-3) = 5, 
PgP.i = ~:i-i = ~7, P,P3 = 4-2 = 2, PsP,=^2-i = -2. 

9. Relative position of points representing; mimbers. Let x, 
and x^ be any two real numbers repi'esented by the points P, 
and Pa respectively. 

By Art. 8, P^P, = x,-X3. 

Now if «! > !B3 then w, — x^ is positive, and conversely. 

Therefore, if x,>Xs, P^P, is positive, and hence P, hes to 
the right of P^; if o^o;;, P^, is negative, and hence P, lies 
to the left of Pj, and conversely. 

Hence, of tke two points which represent two real numbers the 
point which represents the greater number lies fartJier to the right. 

E.g. in Fig. 6, P„ which represents 2, lies to the right of Pj, 
which represents —3; Pf, which represents —1, lies to the 
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right of P-i, which represents — 3. This agrees with the state- 
ment that 2 is greater than — 3, and that — 1 is greater than 



EXERCISE II 



2. In Fig. 5 express the following segments as the diSerence of the 
numbers representing the points : PiPa, PaPi, P^O, OPi, FiO, OPi. 

3. In Fig. 5 what segments represent Xi — x^, x^ — xi, xi, xi, — Xu 

— Xi? 

4. In Fig. 6, hy means of the principle in Art, 8, find the values of 
PiPi, PiPi, P4O, PiPs, P3P4, OPb, P5O, P3P2. 



II. COOKDINATES OF POINTS IN THE PLANE 

10. Location of a point. To determine the position of a 
point on a straight line one magnitude is sufficient; namely, 
the distance of the point, right or left, from a fixed point of 
the line. The number that represents a point on the line 
determines the position of the point when the origin is given. 

In the plane, however, two magnitudes are necessary to 
determine the position of a point. 

There are many ways o£ choosing these magnitudes. Two 
simple methods, and the only ones used in this book, are to 
consider the location of the point, (1) with reference to two 
intersecting straight lines, (2) with reference to a fixed line 
and a fixed point. A consideration of these two methods 
leads to the definitions of (1) Cartesian Coordinates, (2) Polar 
CoSrdinates. 

11. Cartesian coordinates. Let two intersecting straiglit 
lines, OX and OT, be taken as lines of reference and an arbi- 
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GRAPHICAL REPRESENTATION OF NUMBERS 7 

tiary leugth be chosen as a unit. Then to every point P in the 
plane there can be assigned a pair of real numbers as follows : 
Through the point P draw lines parallel to OX and OY, meet- 
ing OX and OY in M and N 
respectively. The pair of num- 
bers which measure NP and 
MP is taken to represent the 
point P. To every position of 
P there corresponds one, and 
only one, pair of such nu 
bers. la order that to every 
pair of real numbers there may 
correspoud one, and only one, 
point, some agreement in re- 
gard to signs is necessary. To 
tlie agreement already made that a segment measured from left 
to right shall be positive, and one measured from right to left 
shall be negative, let there be added the agreement that a seg- 
ment measured upward shall be positive, and a segment meas- 
ured downward shall be negative. With this agreement in 
regard to signs there corresponds one, and only one, point in 
the plane to every pair of real numbers. 

The lines OX and OY are called the a:-axis and y-axis 
repeetively. 

The segments NP and MP are called respectively the 
abscissa and ordinate of P, and together are known as the 
Cartesian coiiirdiiiates of the point 

It should be carefully noted that, from the definition, the 
abscissa of P is measured from the y-axis to P, and the ordi- 
nate of P is measured from the a^axis to P. 

The abscissa and ordinate are most frequently denoted by x 
and y respectively, though other letters are sometimes used. 

The point P is denoted by the coordinates inclosed in 
parentheses and separated by a comma, thus, {x, y) or 
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To distingtiish. one point 
from another, subscripts 
are often used. Thus in 

P,C^,.!/i) Pig. 8, 

yy=M,P^=0N^ = 2, 

2/3=J/sPb = -3, etc. 

M,M, = M,0 + OM, = - a'3 + a;,, 
M^Mi = M, 4- OM3 = ^a^j^ + x^ 
MtMi = MiO+ OM^ = -x, + Kj, etc. 

EXERCISE III 

1. Assume a pair of axes and locate the points (2, 3), (2, —3), 
(-2, 4), (-5, -S), (0, 3), (4, 0), (-1, 0), (0, -3), (0, 0). 

2. In Fig. Sexpreasasthe dif- 
ference of two abscissas, M^Mt, 
MiMt, Jfjjtfi, MiMi, 

3. Express as the difierence 
of two ordinatfls, N2N3, NiN,, 

4. What segments i 

Xi—X2,3^-~Xi,Xi 



6. What segments 
ys — vi, Vi — yi,yz~ Vi, yi-Vi'f 

6. Where do all points lie that 
have the abscissa zero ; that hayo 
the ordinal* zero ? 

7. Where do all points lie that 
have the abaeissEi 2 ; that havB the abs 
2 ; that have the ordinate 




have the ordinate 
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8. In Pig. 9 express as the difference of two abscissas, P,S, P^N, FsQ, 
IB, SN; and as tbe difference of two ordinates, TP,, P|jV, JBQ, TS, 
FiP, PsS. 

9. In Fig. 9 let Pi, Pj, Ps have coSrdinates (2, 3), (4, -2), aod 
(- 8, 2), respectively, and find the -values of SN; F3S, JIQ, BT, PiiV, 
SPs, PiB, QPs. 

12. Segments not parallel to an axis. Segments of lines not 
parallel to one of the coordinate axes will not have definite 
signs given to them. They will generally be considered as 
positive lengths, but where the two opposite directions along 
tbe same straight line are eousidered, one of them will be 
counted as opposite in sign to the other. 

13. Kectangnlar coiirdinates. If the axes in the Cartesian 
coordinate system are at right angles to each other, the system 
is called the rectai^nlar system of coordinates. 

This system possesses the advantage of simplicity, in many 
problems, over that of oblique axes, and aa most of the proper- 
ties and relations of figures to be studied do not depend upon 
.the system of ooOrdinatea used, the rectangular system will bo 
used except where otherwise indicated, 

14. Polar coordinates. The position of a point in the plane 
may be determined by the length of the line joining it to a fixed 
point, and the angle which this line p 
makes with a fixed direction. 

In Fig, 10 let be a fixed point 
and OA a fixed line. Let P be any 
point in the plane. Then the seg- 
ment OP and the angle AOP deter- 
mine the location of P. i^'"- 1"- 

The segment OP is called the radius vector, and the angle 
AOP the vectorial angle of P. 

Together they are known as the polar coordinates of P. They 
are usually denoted by r and d, respectively, and the point 
indicated by (r, 6), or P(r, 6). 
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'The fixed point is called the orig'in, or pole; the fixed line 
OA the initial line, or axis. 
The Hue OJ^ is called the terminal line of the angle AOP. 
With these definitions it is easy to see that any point in the 
plane may be represented by polar coordinates, both of which 
are positive, and with the angle less than 360°. 

In order, howevev, to represent both positive and negative 
numbers by points, the following agi'eement in regard to signs 
is made : Positive angles 
i(5,J^) will be measured in the 

counter-clockwise direction 
from the initial line; nega- 
tive angles in the opposite 
direction. By a negative 
radius vector will be meant 
one laid off on the terminal 
line of the vectorial angle 
produced back through the 

— 5, --^~] would be as indi- 




Thus, the points 

catedin Fig. 11. 

With the above agreement in . 
to every pair of coSrdinates 
there is just one point in the 
plane, but to every point in 
the plane there corresponds an 
indefinite number of pairs of 
coordinates. 

E.g. the point [ 2, ^ ) may also 

be represented byf— 2, — ^j. 



I to signs it follovi's that 




(-.¥)^ 
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any other pair of coordinates obtained bj increasing the angle 
of any of the above pairs by an integral multiple of Sir, the 
radius vector being unchanged. 

If 6 is restricted to being numerically loss than 2 jr, the four 
pairs. of values written above are the only ones that represent 
the given point. 

Note. The student should remember that the unit of circular measure 
of an angle is the angle subtended ac the center of a circle by an arc equal 
in length to a radius of the circle. This unit is called the radian. 

From the definition it follows that tt radians = 180°, where ?r ^3. 14169 -■ ■. 

When an angle is represented by a letter or figure without 
the degree sign ("), it will be understood that the unit of meas- 
ure is the radian, 

EXERCISE IV 

1, Plot ill polar coiSrdinatcs (2, -30"), (~i. -"V h, -^), 
(^, w), i^, ^=), (3, 2). 

2. Plot in rectangular coordinates (— 3, 4), (0, — 3), (0, 0), (a, 0), 

(«.«,(',-%^).(»,jV 



III, THE TRIGOFOMETEIC FtlNCTIONS 

16. Definitions of the trigoaometrio functions. Having 

given any angle, 

assume a system 

of rectangular 

coordinates and 

place the vertex 

of the angle at 

the origin, with 

the initial line 

coinciding with 

the positive part 

of the 3;-axis : 

, . Fig. 13. 

positive angles to 

he reckoned counter-clockwise and negative a 
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Assume any point P on the terminal line ; let its coordinates 
be X and y, and its distance from the origin be r, counted 
always positive. Then, whatever the size of the angle, the 
following definitions are given ; 

sine of A — ordin ate/distance = y/r, 

cosine of ^= abscissa/distance =x/r, 

tangent of j4 = ordinate /abscissa ^^yfx, 

cotangent of ^ — abscissa/ordinate = x/y, 

secant of -il = distance/abscissa = r/x, 

cosecant ol A = diatance/ordinate = rfy. 

16. formulas and tables. A set of the more important 
formulas connecting the trigonometric functions of angles, 
and a table of sines, cosines, and tangents are given at the 
back of the book, 

17. The inverse trigonometric functions. The symbol sin"' x, 
read " anti-sine x" is used as equivalent to the words, " an 

Thus one value of sin"'(i}) is ^, or 30°; another value is -— . 

In like manner the symbols co.s'"'^:, tan^'as, etc., are used as 
equivalent to " an angle whose cosine is x," " an angle whose 
tangent is x," etc. 

EXERCISE V 

1. Find by the use of the table the sine, oositie, and tangent of each of 
the following angles : 20=, 17° 20', 186°, 109° 40', 290'', 165', .2 radian, 

.73 radian, (-l radian. 
\^! 

2. Given A = sin-i .0, find a value of A in the lirst quadrant, and one 
in the second quadrant. 

3. Given A = tan"' .4633, find two values of A. 

4. Find sin-'(tan25°j, sin(tan-i3.26), sin(ain-3 .35). 

5. Show that sin(sin-i.6)= .5, and that 5in-i(sin3CP) = 30'', or 150°, 
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18. Belatiou between rectan^nlar and polar coordinates. 

Let the oiigin in the two systems be the same, and let the 
initial line coincide with 
the positive part of the 

Let P be any point in 
the plane with rectangular 
coordinates x and y and 
polav co6rdinates r and 6 
(Fig. 14), the polar coordi- 
nates being so chosen that 
0= Z XOP and r = OP, 
where OP is positive. 

Then from the definition of sine and c 

- = cos 6, " = sin 6, 



These equations express x and y in terms of r and 6. From 
the figure, or from these equations, r and $ can be 'expressed 
in terms of x and y. The resulting equations are 




EXERCISE VI 

1. Show liow to obtain eqs, (2) of Art. (18) from cqs. (1). 

2. Show that if the poiar coordinates of P be chosen, bo that B differs 
from .^ XOP by 180", and r is the negaUve of OP, eqa. (1) atill hold. 

3. Find the polar coordinates of the points whose rectangular coor- 
dinates are (3, - 7), (4, 3), (- 2, 1), (~ 4, - 2). 

4. Find the rectangular coordinates of the points whose polar coor- 
dinates are (2, 30"), (-3,45''>, (4, -60"), (-2, -15°)- 

6. In rectangular coordinates where do all points lie whose a 
are zero ; whose ordinatas are zero ; whose abscissas equal 
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6. What is true of the polar coordioates of points wliich satisfy each 
of the oonditioQS of example 5 ? 

7. In polar coordinates where do all poinfa lie whose rectorial angles 
are zero ; whose vectorial angles equal 30" ; whose Tectorial angles equal 
any constant ; whose radii veetores equal 5 ; whose radii veotores equal 

8. What equation is true of the rectangular coordinates of the points 
which satisfy each of the conditions in example 7 ? 

9. Find the polar coordinates of the point whose rectangular co5r- 
dinates are (3.26, -2.67). 

10. Find the rectangular coordinates of the point whoso polar coor- 
dinates are (6.34, ^4" 16'). 
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CHAPTER 11 

PROJECTIONS- LENGTHS AND SLOPES OF LINES. AREAS 
OF POLYGONS 

L PROJECTIONS 

19. Projections by parallel lines. Tlirough the beginning 
and end of a segment AB let lines parallel to a given direc- 
tion be drawn to intersect a given line MN in C and I) respec- 
tively. Then OD is called the projection of AB on MN', for 
the given direction. 

The beginning and end of the projection are to be read in 
the same order as the beginning and end of the segment. 




Thus CD is the projection of AB, while DC is the projection 
of BA. (Fig. W.) 

The direction, parallel to which the lines AC and BD are 
drawn, is called the direction of projection. 

Evidently, the value of the projection depends upon, (1) the 
length of the segment, (2) the difference in direction of the 
segment and the line on which it is projected, and (3) upon 
the' direction of projection. It is evident, also, that the pro- 
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jeetions of a given segment on parallel lines are equal, if the 
direction of projection is the same. 

20. Ortlu^onal projection, if the direction of projection is 
perpendicular to the line on which the segment is projected, 
the projection is called orthogonal. 




Thus in Fig. 16 CD is the orthogonal projection of AB 
on MN. 

21 . Projection in the direction of one coordinate axis on a line 
parallel to the other axis. 

Definition-. The projection in the direction of the 7/-axis 
of a segment on a line parallel to the «-asis will be called the 
avprojeetion of the segment. 

A similar definition is given for the y-projeetion of the seg- 
ment. 

Consider now the ^-projection of any segment PiA- 

Let the coordinates of Pj and Pj be {Xi, ^i) and (x.^, y^} re- 
spectively. Three cases may arise ; PjP^ may lie wholly to the 
right of the j;-axis, may cnt the y-a,xis, or may lie wholly to the 
left of th.e y-axis. (Fig. 17.) 

Let the projection in either case be MiM„ and let the line on 
which PjPi is projected meet the !/-axis at M. Then, in either 

M1M2 = -3/i A" + NM2 = -Xi + Xs^X2-x^. 
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Therefore, the x-}yrojeetion of a segment is equal to the abscissa 
of the end of the segment minus the absaiasa of the beginning. 




In like manner it can be shown that the y-projection of a seg- 
ment is equal to the ordinate of the e^id minus the ordinate of tlie 



Example. The avprojeclioa of the segment from P, (— 1, 3) 
toPj(3, 2) is 3-(-l) = 4,andthe!/-projection is 2-3 = -1. 

EXERCISE VII 

1. Prove thi; the j/-pi'ojection of a segment is equal to the oiilinate of 
the end of the segment minus the ordinate of the begiimtng, 

2. Find the x- and y-projeotions of the segments from the flt^t to tlie 
second of each of the following pairs of poittta: (2, 3), (—2, 6); 
(-3,-1), (4, -5); (1,-2), (3,7); (a, 6), (c, d); (0, 1), (-2, 0); 
(0,0), (3, -5); (u,v),(_s,t). 

Check the results by drawing the figure in each case. 

3. If the axes are at right angles to each other, find the distance from 
the origin to (3, 7); from the origin to (x,y). 
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18 ANALYTIC GEOMETRY 

4. K the axes are at riglit angles to eacli other, find the distance 
between (- B, 3) and (3, - 6). 

5. If the axes are rectangular, show tliat the distance between (xi, y{) 
and (Xa, j/s) is -^(xi - Xa)'' + (yi - yif. 

6. la rectangular coardinates the point (x, y) moves so as to keep at 
the distance 5 from tJie origin. Express this by means of an equation. 
What is the locus of the point ? 

7. What is the K-projection of a segment parallel to the y-asia; the 
^-projection of a segment parallel to the stasia ? 

8. The vertices of a triangle are A, B, and 0. Show that the sum of 
the projecldoiis of AB, BG, and CA on any line is zero, and that the 
projection, of AG = the projection of AB + the projection of BC. 

9. Show that the sum of tlie projections of the aides of any closed 
polygon taken in order, i.e. so that the beginning of each side is the end 
of the preceding, on any line is zero. 

10. Show that if the sum of the projections of the sides of a polygon 
taken in order on one straight line is zero, the polygon is not necessarily 
closed ; bat if the sum of the projections taken in order on two non- 
parallel lines is zero, the polygon is closed. 

II. LENGTHS AND SLOPES OF SEGMENTS. DIVISION 
OF SEGMENTS 

Distance between two points. Numerical examples. 

To find the distance between the two points 
whose Cartesian coordinates are 
(2, - 4) and (- 3, 5), the angle be- 
tween the axes being 60°. 

Let (2, ^4) be P,, and (-3, 6) 

Throngh P, and F^ draw lines 
parallel, respectively, to the x- and 
j/-axes, intei^ecting in Q. (Fig. 18.) 

By the law of cosines from trigo- 
nometry, 

Wl- 2~QPi • W-i cos P.Q/'a. 
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Here QP, = 2- (- 3) = 5, by Art. 21, 

QP, = 6-(-4) = 9, 

CO8P|QPj = COS60° = l. 

.■.i*,p3 = V61-7.81 ■■■ . 
Example 2. To find the distance between the points whose 
polar coordinates a 




Let ( 2, ^^\ be P„ fs, ■ 

and let P.P^ = d. (Eig. 19.) 
By trigonometry, 

d' = op' + OPI - 2 OP, . 0">2 cos 7'i OF^ 

= 4 + 25-2-2-5eos^ 
6 

= 4 + 25 + 20 cos ^ 
6 
= 29 + 17.32 .-. . 
.■.d = V4t).»2 = 6.81 nearly. 

EXERCISE vm 

1. If the angle between tlie axes is 4a'', And the distance between ttie 
points (-.3, 5) and (4, 1). 

2. If the angle between the axes is 80°, find the distance between 
(8,2) and (-3, -4). 

3. If the axes are rectangular, find tlie distance between (a, b) and 
(c,<t). 
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4. Find the distance between the points whose pol 
'fi, 30°) and (4, 2('->), where 2('') means S radians. 

5. In polar coordinates find the distance betwee 



23. Distance between two points. General formula in rec- 
tangular coordinates. 

Let Pi(3^, )/i) and ^'^{x^, y-^ be two points in rectangular 
coordinates, and let d = PiP^. Through 
-jPaP, and Ps draw lines parallel, respec- 
tively, to the cc- and (/-axes to intersect 
iu M. 

Then d = -^P^^ + ~MP\. 
^ But PJi^ ^i - ^\, MP^ = ^2 - 2/,. 

24. Distance between two points. General formula in polar 
coordinates. 





Let the two points be (i-„ 6,) and (n, S^), and let the distance 
between them be d. (Fig. 21.) 
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There are two cases to consider : according as thi 
between the vectorial angles is less than or greater than 
In the first case 

<f = rl + rl-2 nr^ cos {6, - 6.) , 
and in the second case 

rp = 1^ + r| - 2 r,rs cos [3«0° - (0^ - 0,)']. 
These rednce to the one form 



d = Vrf + ii — 2 r,rs cos (0i — S^). 



EXERCISE IX 



,M (-4, -5), . 



1. Mnd the distance l)etwpc;n (—4, 1) and (;!, i 
coordinates. 

3. Find the distance between ( 
coordinates. 

3. From a certain point thiee other points, A, B, and C, are located 
as follows : A lies 3 uii. N. and 2^ mi. E. from 0, B lies 4 lui. S. and IJ 
mi. B. from 0, and G lies 5 mi. W. and IJ mi. N. from O. Find the dia- 
tanoes between the points A, B, and (7, and the distance of each of the 
points from correct to hundredths of a mile . 

4. Find the distance between the points whose polar coordinates are 
(4,24°) and (-2, 40°). 

5. Find the lengths of the sides of tiie triangle whose vertices are 
(6, —2), ( — 4, 7), and (7, —8), in rectangular coSrdinates. 

6. Find the lengths of the sides of the triangle whose vertices are 
(-2, 30*^, (4, 25°), and (5, 115''), 



, The angle which one line makes with another. 



Definition. The angle 
another, L^ is the 
angle, not greater than 
180°, measured coun- 
ter-clockwise from ij 
to Li. 

Thus, in Fig. 22, 6 
is the angle which L, 
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22 ANALYTIC GEOMETRY 

makes with L^. Tlie supplement of Q is the angle which L^ 
makes with L^. 

26. Inclination and slope of a line. The angle which a line 
makes with the avaxis, or with any line parallel to the a:-axis, 
is called the inclination of the line. 

This angle is to be measured from the positive direction of 
the »-axis toward the positive direction of the (/-axis. 

In rectangular coordinates, the slope, or gradient, of a line is 
the ratio of the change of the ordinate to the con-e spending 
change of the abscissa of a point moving along the line. It is 
counted positive if the ordinate increases as the abscissa in- 
creases ; negative if the ordinate decreases as the abscissa in- 
creases. 

Thus, if, as a point moves along a line, the ordinate increases 
one unit to an increase of 3 units in the abscissa, the line has 
a slope of \ ; while if the ordinate decreases 1 unit to an in- 
crease of 3 units in the abscissa, the line has a slope of — \. 

The inclinations oE these lines are, respectively, 
e = tan-'i -=18° 26', 

and e' = tan-'(-^) = 161''34'. (Fig. 23.) 



From the detinitions of inclination and slope it follows that 

slope = tangent of inclination, 

ir, designating the inclination of a line by $ and its slope by m, 

m. = tan B. 

If the axes are not rectangular, the equation, 

slope = tangent of inclination, 

s taken as definition of the slope. 
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27. Slope of a line through two points in terms of the rec- 
tangular coordinates of the points. 

Let tlie two points be Pi(%, j/i) and P.2{Xs, ya). 

Through P, and P^ p ^ 

draw lines parallel to 
the coordinate 
nieet in M. (Fig. 24.) 
Then whether the 
is positive or negative 
its value is given by thi 




slope : 



) formula 
PiM xs - 



If P, is the higher point, then slope =£LZJ^_ which is the 
same as the above. iCi — aJa 

Therefore, in rectangular coordinates, the slope of a line through. 
Civo points is tlie difference of the ordinates of the points divided 
by the corresponding difference of the abscissas of the points. 

38, Point dividing a line in a given ratio.* 

E,\iMiT.K, To find the point which divides the line from 
y (- 1, 5) to (6, — 4) in the ratio 3 : 2. 

Let (- 1, 5) be P,, (6, - 4) be P^, and 
let the required point be P {x, y). Then, 
by hypothesis, 

P,P^3 
PA 2' 
I'lirough P, P„ and P,, draw lines 
•allel to the axes as in Tig. 25. 
Then, from similar triangles, 
MP ^P,P^S 
iVPs PP.^ 2' 




It of a 
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from which x — 3|, y = — |. 

Hence the required point is (3-^, — |). 

29. External division. The point P is said to divide the line 
Ptp2 externally when it lies on the liiie produced. {Fig. 26.) 

The segments into which . P divides PjPj are defined to be 
P^P and PP^. The first segment is that from the beginning of 
the line to the point of division, 
J^ and the second segment is that 

p J^ from the point of division to the 

^t^^ end of the line. Since these 

segments are measured in oppo- 
e directions, they are opposite 
in sign. Hence their ratio is 
^"^' '^'- negative. The first and second 

nust correspond respectively to the first and second 
terms of the given ratio into which Pis to divide PiPj. 

30. Example of external division. 

To find the point which divides the line from (—1, 5) to 
(4, 7) in the ratio — \. 

Let { — 1, 5} be Pi, (4, 7) be Pj, and let the required point 
be P(a:, y). 

P^P 2 



Then 



PP% 



Since PJ* must be numerically less than PP^ P must lie 
nearer to Pi than to P^, i.e. P must lie on the portion of the 
line extended through Pi. 
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Project the segments so as to obtain tlieir x- and y-projec- 
tions. (Fig. 27.) 



- ( - « 






7 






Fig. 'n. 






PM, 




8' 








2 
3'' 




x + 1 


"^3' 








""3' 






X-- 


= -11, 


!/ = l. 


e required 


point i; 


s(-ll, 


1> 




EXERCISE X 



1. Find tlifi point which divides tlie line from (— 3, 1) to (6, —6) in 
themtio-^ Ann. (12, -9). 

2. Show that the point which liisects the line joining (Ki, ^i) and 

3. Find the ratio in which the line from (2, 0) to (6, 0) is divided by 
(1,0); by (5,0); by (0,0). 

4. The point ,P(2, K) is on the line joinina Pi(- 2, 3) and P^fi, — 7) ; 
find the ratio into which P divides PiPj, and the value of It. 



y Google 



26 



ANALYTIC GEOMETRY 



31. General formulas for a point dividing a line in a given 
ratio. 

Let the line from Pii^i, y,) to P^ix^, y.^) be divided by 
P(x, y) in the r^tio r : 1. 

There are three cases to consider ; 

(1) P between Pi and P^, 

(2) P on the line produced through /•„ 

(3) P on the line produced through P^. 
In (1) r may have any positive value, 

in (2) )' is negative and numerically less than 1, 
in (3) )■ is negative and numerically greater than 1. 




Project PiPandPPjOn any two lines parallel to the axes. 
(Fig, 28.) In either of the three cases, 

M,M P.P J -iVi-A" P,P 



^ = 7-, and ^-^ = 

X y,~y 



EXERCISE XI 
1. Tind the point which divides the line from (— 1. 
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2. Find the point which divides the line from. (S, |) to (— 6, 8) in the 
ratio - J ; in the ratio - J. 

3. Find the external point on the line joining Pi(a, 6) and P^ic, d) 
which la »i times as far from Pi as from P^. 

4. Find the points which trisect the line joining P\(_Xi, y{) and 
Pa(ie5, yi)- 

6. Thepoint P divides the line Pi Pb in the ratio J-: 1; trace the vwia- 
tion in !■ aa P moves along the line internally from Pi to Pj, then on from 
Ps to 00 , and then, changing to the other side of P,, comea in from — co 



32. Angle between two lines of given slopes. 

Example. Let two lines L^ and L.^ have slopes — 2 and 3 
respectively ; to Jind the angle which i, 
makea with L^ 

Let ii and L^ make angles fli and 6^ 
respectively with the avaxis, and let (ihe 
angle which Ly makes with i. 
Through the intersection of the lines 
draw a line parallel to the ic-axis. (Fig. 
29.) Then it is seen that 




tan^- 


= tan (e, - 0^) 




tan e, - tan i9, 




1 -H tan 0, tan 0^ 


tan^i^ 


= -2, tanflj = 3. 


, tan 1^: 


1-2-3 



33. The angle between two lines. General formula. 

Let two lines, L^ and L^, have slopes 7a, and iris respectively ; 
to find the angle which i, makea with L^. 

Let the angles which L, and X^ make with the ataxia he 0, 
and ^2 respectively. Then wii — tan 0-,, m^ = tan 0^. 
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Let ^ be the angle which i, mates with ij. 
Through the intersection of L^ and L^ draw a 
to the a;-axis. Tlien (Fig. 50), 




and in either 



tan -^ = tan (6, - 6.^ 
_ tan 6i — tan 9^ 
1 4- tan i9, tan 6^ 



34. Condition for parallel lines, and for perpendicular 
lines. If tlie two lines of the preceding aiticle are paral- 
lel, tanfli = tan^s, and hence 'm^ = m^. If the two lines ace 
perpendicular, tan i^ = tan 90" = oo , and hence 1 -f rrtifni = 0. 

Conversely, if m, = 111.2, tan = 0, .■. (/i = 0, and therefore the 
lines are parallel. 

If l+m,mB = 0, tan<^ = os, .■. 0=90°, and therefore the 
lines are perpendicular. 

Therefore, the condition that two lines of slopes m, and wia 
be parallel ia mi^mj; the condition that they be perpen- 
dicular is 1 + m,?j(j = 0, or Hii = ■ 
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EXERCISE XII 
For rectangular axes. Draw a figure in each case. 

1. Show that the line joining (3, 2) and (— 3, — 13) is porpendieular 
to the line joining (1, 3) and (4, 2). 

2. Show that (- 1, - 2), (S, 2), and (- 3, 0) are the vertices of a 
right triangle, rind the other angles. 

3. Where does a line cut the s-asis if it passes through (2, — 3) atid 
Is parallel to the line through (- 1, 5) and (4, - 3) p 

4. A line is drawn perpendicular to the line through Pi(— 2, 5) and 
F^(i, — 3) at its middle point ; find a point P on this perpendicular 
whose abscissa ia 3, and show tliat P is equidistant from Fi and F^. 

5. The vertices of a triangle are (7, 4), (- 2, - 5), and (3, - 10) ; 
show that the line joining the middle points of two sides is parallel to the 
third side, and is half as long, by using formulas for slope and distance. 

6. Find a fourth point which with the three given in example 6 form 
the vertices of a parallelogram. 

7. Two lines, £i aad Z^, make tan-'2 and tan-i — 4 respectively 
with the a-axis ; find the angle which Z| makes witli L^- 

8. The verticea of a triangle are Pi(- 1, 6), P5(3, -4), and 
Pa(6, 2) ; find the slopes of tlie sides and the angle at Pi. 

9. Show by their slopes that the line joining (— 3, i) and (fi, 1) is 
parallel to the line joining (V, 2) and (5, |). 

10. A line L makes an angle of 45° with the line through (I, 1) and 
(6, 8) ; And the slope of L and the angle which it makes witli the a-axis. 

11. Li passes through (4, 6) and (Q, — 3). Z^ is perpendicular to Xi ; 
find the slopes of Zi and ia. 

12. Li has a slope m. The angle which L^ makes with the ataxia is 
double the angle which ii makes with the i-axis ; what is the slope of i^ ? 

13. The slope of one line is 3.728 and of anotJier — .824 ; find the 
acute angle between them. 

14. Find the slope of a line which makes an angle of — 42° with a line 
of slope .4364. 

15. A line passes through (6, — 3) and has a slope .324 ; find a point 
on the line with abscissa 1.2, 

16. A line cuts the a-axis at (a, 0) and makes tan-i m with the s-axis ; 
find where it cuts the y-asis. 

17. A line passes through (a, 0) and makes tan-^m with a line of 
slope n ; find its slope, and where it cuts the ^-axla. 
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III. AREAS OF POLYGONS 

35. Area of a triangle in terms of the coordinates of its 
vertices. 

ExAMPLU 1. To find the area of a triangle whose vertices 
in rectangular codrdinates are P,{—2, 3), P2{4, —1), and 
P.{i, -6). 

Through the lowest vertex, P^ {Fig- 31), draiv a line parallel 
to tlie K-axis, and from the other vertices drop perpendiculars 
to this line, meeting it 
in M. and M^. 



P, (-2, 3) 




then the area of the field i 



Then the area re- 



area of MsP,PiMi 

- area of P^M^^ 

— area of M^P^P^ 
I- M,M^{M,P,+ M^^) 

- ^ PsM, ■ M^Ps 

- |Jtf",P, ■ j¥,P, 
i' 6(9 + 5) 

-1-3-5 
-1.3-9. 



If Pi-Pj-Ps represents 
a triangular field to a 
scale of 1 spaee=w ft., 
21 n' sq. ft. 



Example 2. To find the area of the triangle whose v 
in polar coordinates are (3, 60°), (-2, 125°), and (5, 215°). 

The area required is the sum of the areas of the triangles 
0P^2, OPjPs, OP^Pi (Fig. 32). 

The area of a triangle is equal to one half the product of two 
sides and the sine of the included angle. 
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oP, (3, 60°) 




Pa (5, 215°) 

FlQ. 32. 

.■. the required area 

= 1 0I\ ■ OP^ sin I\ OP3 + \0P,- OPi sin P^OP^ 
+ iOP^- OPisinP^OP, 
= 1 -3. 5 8111155"+^. 5. 2 sill 90° + ^.2. 3 sin 115° 
= ^ (15 sin 25° + 10 + 6 cos 25°) = 10.89. 

EX£SCISE XIII 

1. Find the area of the triangle whose vertices in rectangular coordi- 
nates are (8, - 6), (- 8, 8), and (9, 2). 

2. Find tte area of tlie triangle whose vertices in polar coordinates are 

MX-. ¥).-(=■¥)■ 

3. Find the area of a triangle whose ve 
are (0, 0), (*,, y,), and (3-^, y-:). 

4. Find the area of a triangle whose v 
(0, 0), (j-i, SOi^nd (fa, est). 

5. Find the area of the quadrilateral wliose vertices in rectangular 
coordinates are (-2, 5), (7, 9), (10, -3), and (-6, -9). 

36. Area of a triangle. General formula m rectangular 
coordinates. Let Pi(x„ j/,), Ps(o^, yij, and P^ix^ i/-j) be theyer- 
tices of a, triangle in rectangular co6rdinates ; to find the area 
of the triangle. 



jctangular coordinates 
polar coordinates are 
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Through the lowest vertex {P^ in Fig. 33) draw a line paral- 
lel to the avaxis, and from the other vertices drop perpendicu- 
lars to this line, meeting it in Mi and M,. Then 




area of triangle PjA-Pa 

= area of trapezoid M^P^PiMi 

+ ai'ea of triangle PiP^Mi 

— area of triangle P^MsPg 

= ^(M-,P, + M^Ps) ■ M^Ms + ^ P^M^ ■ J/|Pi - ^ PMi ■ M^Ps 

= \ [(yi-y2 + .% - yi) {x^ - ^d + (% - ^2) O/i - b) 

or, area Pi-Pj-P, = | (a^ij/j -|- a^jj/s -t- a^y, — x,}/3 — ac^y, — a^yj). 
This may be written iii the determinant form 

!*. y, i| 

1^:3 !/3 i| 

In Fig. 33 the succession of subscripts 1, 2, 3, is obtained by 
going around the triangle counter-clockwise. If the points had 
been so lettered that in following the above order it would be 
necessary to go around the triangle clockwise, the area would 
have been found to be minus the above expression. 

This can be seen to be true by exchanging two of the sab- 
scripts, say 1 and 2, in Fig. 33, and making the same exchange 
in the formula. The change in the figure changes the order 
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from counter-clockwise to clockwise, and the change in the 
formula just changes tlie sign of the whole expression. 

37. Area of a triangle. -General formula in polar eo6rdi- 

nates. Let />,(»■!, 9^), r,(r.„ 0^), and r.ir^, 6,) be the vertices of 
a triangle in polar co5rdinates ; to find the area of the triangle. 
Two cases are to be distingnished, according as the pole lies 
without or within the triangle. The second case will occur 
only when the difference between the vectorial angles of two 
of the vertices ia greater than 180°. 




In ease (1) the area of the triangle P^P^Piis equal to the area 
of ti'iangle 0P,P2 + area of triangle OPsPs — area of triangle 

OPlPs 

= ^ nrj sin (Cj - fli) + 1- nr^ sin (e^ - flj) " i n^'a sin ($3 - ${) 
= i [n'-s sin (6^ - ^,) + r^r, sin {^3 - 0^) + r,r, sin (fl, - fl^)]. 
In case (2) the area of triangle OPiPg must be added to the 
areas of the other two triangles, instead of subtracted from 
them, as in case (1); bat area of OPiPs is here equal to 
^ riJ-sain [360° -{^3-0,)] which is equal to -|r,7-s sin (63-^1). 
The formula for the area of the triangle sought reduces there- 
fore to the same as in case (1). 

Just as in the case of the area in rectangular coordinates, the 
above formula would give the negative of the area if the sub- 
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scripts were so arranged that in following the order 1, 2, 3, it 
would be necessary to go around the triangle clockwise. 

38. Area of a polyg'on. General formula in rectangular 

coordinates. If the origin be one of the yertices of a triangle 

whose other vertices aie PiCa^i, yi) and 

-faC^'ai ys)$ tlis formula for the area of 

, the triangle given in Art. 36 becomes 

J(ir^s-a^;/,), 
provided that in going around the tri- 
angle counter-clockwise the vertices are 
passed in the order Pj, P^, and 0. 
^ _ This area of the triangle OPiP^ may be 

thought of as generated by a line OP, 
initially in the position OP^, turning counter-clockwise about 
to the final position OPs, the point P moving along the 
line PjPj. With this conception of the p ^ ^ 

area, it must be noted that it is the 
sciasa, x^ of the initial position, P,, 
P which comes first in the formula for 
the area, ^ (x^^ — a'^i)- 

If the line OP must turn clockwise 
from the position OPi to the positioi 
OP^, then the expression i(^iyi—<«^i) 
is equal to the negative of the area of 

the triangle OP,P^. ^"'- ^^' 

Let ^(aij's — (Cij/,) be denoted by A. Thus 

Consider now any polygon whose vertices in rectangular co- 
ordinates are Pj(Xj, )/i), Psi^s, y^), •■■ P^i^M V^d' ^^^ vertices 
being so lettered that in going around the polygon counter- 
clockwise the vertices are passed in the order P„ Pj, ■■■ P„. 

For deiiniteness let « = 6, and let the polygon be as shown in 
Fig. 37, the origin being outside of the polygon. Let a. point P 
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start at P^, traverse tlie perimeter of the polygou oounter- 
clockwiae, and return to P,. The line OP generates in order 
the triangles OP,/*^, OP.P^, — OPJ',. Kow the area gener- 
ated by OP which lies without ^ 
the polygon is generated twice, 
with OP tuvning once clockwise, 
once counter-clockwise ; or else P, tf 
is generated four times with OP 
turning twice clockwise, twice 
counter-clockwise; but the area 
within the polygon is generated 
once, with OP turning counter- 
clockwise; or else is generated '"■-%' 
three times, with OP turning ^^^ ^^ 
once clockwise, twice connter- 

clockwise. Therefore if the expression A be formed for each 
of the triangles OP^P^, OP^Ps, — OPJ'^ and their sum taken, 
all the area generated by OP will be cancelled out except that 
within the polygon and that area will be counted just once. 
Therefore the area of the polygon is equal to 

i i^iVi — ajZ/i + a^3 — »^Sl2 + ^ilJi — ^&s+''e&i — ^sV* + ^-'M — ^a^s 

A convenient method of aiTanging the coordinates for the 
computation of the area is as follows: Write dovm in succession 
the abscissas of the vertices taken in order counter-clockwise around 
the polygon, repeating the first ai)saissa at the last; under the ab- 
sntHit, iinte the correspondmg ojdmaiea 

T, aj Xi ^4 'Cs ta ^ 

Vi V V' Vi % Vt 2/1 

Tlien multiply earh ahv issd by the fillowinq ordinate and take 
the sum of the teims obtained, mvMiplt/ each ordinate hy the fol- 
lowing abscissa and take the sum of the terms oblained. The area 
is half of the first sum minus half of the second. 
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EXERCISE XIV 



1. The vertices of a polygon taken in order are (6, 1), (9, —4), 
(3, - 10), (- 8, - 6), (- 6, - 8), (- 13, 0) and (- 4, 0) ; tliid the area 
of thepoiygon. 

2. The distances north of a fixed east and west line of four points A, 
B, C, D are respectively 82.6 ft., 66.1 ft., 80.3 ft., 51.7 ft., and their dis- 
tances east of a fixed north and south line are respectively 25.3 ft., 48.2 
ft., 94.6 ft., 106 ft.; find the area of the quadrilateral .ilSOi). 

3. The diatanees of four points A, S, C, D from a point are respec- 
tively 120 ft,, 216 ft., 320 ft., and 65 ft. , and their directions from are 
respectively E. 25° N., H. 32° W., S. 74° W., E. 67" S. ; find the area of 
ABCD. 

4. The vertices of a triangle are (3, - 2), (- 4, 1), and (~ 8, - 5) ; 
find (o) the area, (h) the lengths of the sides, (c) the slopes of the sides, 
(d) the angles. 

5. Show (_a) by the lengths of the sides, (6) by the slopes of tlie sides, 
that the quadrilateral whose vertices are (1, 2), (3, — 2), (— 1, — 3), and 
(— 3, 1) is a parallelogram. Find its area. 

G. Show by means of the slopes of the lines that the line joining the 
middle points of two sides ot any Itiangie is parallel to the Ourd side. 
Show also that its lengtli is half that of the third side. 

7. The vertices of a triangle are Pi, Pa, Pa ; find the point which di- 
Tldea the line from Pi to the middle point of PsP) in tiie ratio 2 : 1. Show 
that, usingeitherof the vertices in like manner, the same point is obtained, 
and hence that the three medians of a triangle meet in a point. 

8. In the formula for the area of a triangle in rectangular coerdlnates, 
substitute the values of the rectangular coordinates in terms of the polar 
coordinates and obtain the formula for the area of the triangle in terms of 
polar coordinates. 

9. The line jouiing (a, 6) and (c, iJ) is divided into four equal parts ; 
find the points of division. 

10. Show analytically that the middle points of the sides of any quad- 
rilateral are the vertices of a parallelogram. 

11. Prove that tlie middle point of the line joining the middle points of 
two opposite sides of any quadrilateral has an abscissa equal to one fourth 
the sum of the abscissas of the vertices of the quadrilateral, and find the 
similar relation for the ordinates. . What conclusion can you draw ? 
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13. The point (2, k) is equidistant from (— 5, 7) and (3, 4) ; find ft, 

13. The point (a, fi) is equidistant from (2, — 1) and (7, 4) ; write 
tlie equation which x and y must satisfy. What is tlie locus of (x, y) ? 

14. Express by an equation tlie condition that the point (x, y) is dis- 
tant 5 from (2, 3). What is the locus of the point (x, y) ? 

15. Show that the line joining (4, — 4,) and (— 2, — 1) is perpendicu- 
lar to the line joining (3, 1) and (1, — S}. 

16. Find tlie angle which the line whose slope is 6.324 makes with the 
line whose slope is — .657. 

17. Find the slope of a line which malies an angle of 30" with, a line 
whose slope is 3. 

18. The line Li makes an angle of 40° with the j>asis, and the line ia 
makes an angle whose tangent is 2 with Li ; find the slope of ia. 

19. If ii makes tan~i 8 with the a^axis, and L^ makes tan~^ 6 with L^, 
find the slope o£ ia- 

20. The angle from £i clockwise to L^ is tan~' (|), and the angle from 
La counter-clockwise to the le-axisia tan-i(— ^) ; find the slope of Zj. 
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CHAPTER III 

GRAPHICAL REPRESENTATION OF A FUNCTION; 
EQUATION OF A LOCUS 

39. Function and variable. One quantity ia said to be a 
funotiott of a second quantity wben to every value of the 
second there corresponds one or more values of the first. 

Thus in the equation v = gt, which expresses the velocity of 
a body falling freely in a vacuum in terms of the time, the 
velocity, v, is a function of the time, t. 

Again, in the equation pw = a constant, the formula which 
espressos the relation between the pressure and volume of a 
gas kept at constant temperatiu'e, either of the quantities p or 
•u is a function of the other one. 

The quantity which may take, or to which may be assigned, 
arbitrary values is called the independent variable, or often 
simply the variable, and a function of tins variable is often 
called the dependent variable. 

According to the above definitiou of a function any constant 
may be regarded as a function which takes the same value for 
all values of the variable. 

Ii to every value of the variable there is just one value of 
the function, the function is said to be a single-valued function 
of the variable. If two, three, or more values of the function 
exist for every value of the variable, the function is called re- 
spectively a double-valued, triple-valued, or, in general, a 
multiple-valued function of the variable. 

Thus in w= 32 (, i; is a single-valued function of t, and 'in 
^" = 4 3!, y is a double-valued function of x. On the other 
hand, a; is a single-valued function of y, if y be taken as the 
independent variable. 
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40. The graph of a function. It is not always possible, to 
express by means of an equation the value of a function in 
terms of the variable. When, however, there axe known 
several pairs of corresponding values of two quantities, one 
of which depends upon the other, a graphical representation of 
one of the quantities as a function of the other may be made 
which will exhibit in an instructive way the dependence of one 
of the quantities upon the other. 

To illustrate this consider the following examples. 

Example 1. It was found that when a certain rod of steel 
was subjected to tension, the values of the extension of the rod 
in terms of the tension were as shown in the following table, 
in which T is the number of pounds of tension per square 
inch of cross-section of the rod and e is the number of units of 
extension per unit length of the rod, the initial tension being 
1000 lb. 

T 1000 5000 10,000 20,000 30,000 40,000 50,000 51,000 
e .0003 .0009 .0019 .0030 .0040 .0053 .0056 

T 52,000 54,000 56,000 58,000 60,000 70,000 80,000 
< .0058 .0064 .0075 .0089 .0113 .0272 .0500 

Take the values of « as abscissas and the values of T as 
ordinates and plot the points representing the corresponding 
values of £ and T. Then draw a smooth curve through these 
points. On the assumption that as the tension changes grad- 
ually, passing through all values between the first and last 
values of the tension that are given, the extension also changes 
gradually, the smooth curve through the plotted points may he 
taken as a graphical representation of T as a function of £ in 
the sense that the coSrdinates of any point on the curve are 
corresponding values of c and T. 

In general the more points that are determined by known 
values of the variables the more accurately will the curve 
represent the function. Of course, too, these points should be 
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Outside the range of values given, no information can be 
drawn from the curve concerning the values of the function 
for a given valne of the variable. 




The curve does not give any information that is not con- 
tained iu the table, but gives the same information in such a 
way as to bring out relations that are not readily observed 
from the table. 

From the curve it is seen that as long as T is less than 
about 50,000 the extension is proportional to the tension, the 
points of the curve lying on a straight line approximately, but 
that when T passes through the value 60,000 the extension 
increases more and more rapidly as T increases. 

Also the value of T corresponding to an assumed value of e 
may be found approximately from the curve by measuring the 
value of the ordinate of the point of the curve which has the 
assumed value of i as abscissa. Likewise the value of c corre- 
sponding to an assumed value of T may be found. 

Example 2. The following table shows the number B of 
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beats per minute of a simple pendulum of length L centi- 
meters for certain values of L : 

L 10 12 15 20 25 30 40 50 60 70 80 90 100 
B 190 172 15i 136 120 110 95 86 78 72 67 63 60 



iTO=:i"==rii:r^^ 



Take the values of L as absciasaa and the values of B as 
ordinates and plot the points representing the corresponding 
values of L and B. The curve drawn through these points 
shows graphically the manner in which B depends upon L. 

It also enables one to pict out approximately the value of B 
for a given value of i within the limits given, or the value of 
L for a given value of B. 

41, Equation of a locus. In each of the two preceding ex- 
amples a curve was drawn such that the coordinates of all 
of its points were corresponding values of the function and 
variable, but no equation was found which expressed the 
dependence of the function upon the variable. 

In each of the examples to be next studied some simple 
locus of points will be considered, and the equation which 
expresses the dependence of the ordinate of any point of the 
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locus upon the abscissa of the point will be derived. This 
equation will be known aa the equation of the locus. 

Definition. The equation of a locus is an equation between 
the coordinates of any point of the locus. 

The locus, on the other hand, is called the locus of the equa- 
tion. 

42. Two fundamental problems. The two fundamental prob- 
lems of Plane Analytic Geometry are : 

(1) Having given a locus of points determined by certain 
geometric conditions, to find the equation of that locus. 

(2) Having given an equation in two variables, to find by a 
study of the equation the form and properties of the locus 
which it represents. 

In this chapter some examples illustrating the methods of 
finding the equation of a given locus will be considered, and 
in the next chapter some methods of obtaining the locus when 
the equation is given will be studied. 



43. Illustrations. Example 1. 
which moves along the straight ! 




Consider the locus of a point 
10 passing through the points 
Pi (3, -1) and P^ 
(-5, 4). If any 
point P{x, y) be 
taken on this line, 
the value of the or- 
dinate clearly de- 
pends upon the value 
of the abscissa of 
the point. That is, 
y is & function of x. 
M, P(^, y) To find the law, 

or equation, which 
expresses the depen- 
through P, /\, and Pj lines parallel to 
Fig. 40. 



dence of y upon x, di 

the axes to form the triangles PMjPj and PiM.J'^ as 
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Then by similar triangles 

wliicii redncea to 5a! + 8j^ = 7. (1) 

If P{x, y) is a point not on the line through P^ and P^, the 
triangles PMiPi and PiM^Pi are not similar, and equation (1) 
does not hold. Hence equation (1) holds for all points on the 
line and for no others. It is therefore the equation of the line. 
The equation may be solved for j/ and written 

The equation ia the law of the dependence of y upon x. It 
may be stated as follows : The ordinate of any point on the 
straight line passing through (3, —1) and ( — 5, 4) is equal to 
— -I of the abscissa of the point plus ^. 

Equation (1) might also be solved for x, which would ex- 
press X aa a function of y. 

Example 2. Consider the locus of a point which moves so 
as to keep always at a distance 6 from the point Pi(3, 2). 

The locus is a circle with 
radius 6 and with center at 
(3, 2). 

Here again the value of the 
ordinate of any point on the 
locus is a function of the ab- 
scissa of the point. To find 
the law that expresses the 
ordinate as a function of the 
abscissa, consider any point 
/• (a;, 1/) on the circle. The con- 
dition that PmustfulfiUis that 
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Now P,P - -V{x - 3f + {y- 2)K 

Since eq. (2) is true for all points on the c 
others, it is the eqnatioa of the locus. 

If the equation be solved for y, the result is 



y = 2± V3(}-(«-3)^. 
This equation expresses ?; as a function of x. 
Since there are two values of y for eveiy value of x, y is a 
double- valued function of x. 

Equation (2) might be solved for x, and x he. thus expressed 
as a function of y. 

Example 3. A point moves in the plane so as to keep equi- 
distant from P,{-'}, - 3) and P^i- i, 7) ; to find the equation of 
the locus. 

To find the equation of the 
locus, one must express by 
means of an equation which 
contains the coordinates of any 
point of the locns that geomet- 
ric condition which is satisfied 
by all points of the locus and 
by no others. This property 
is expressed by the equation 

Expressed in terms of the co- 
ordinates of the point P, this equation becomes 

Vlx--dy + {y + 2y = V(x + if + (y-7y. (1) 

Squaring both members, cancelling, and collecting, there resnlts 
7 k -9 2/ + 26 = 0, (2) 

which is the desired equation of the loeus. For a!l values of x 
and y that satisfy (1) also satisfy (2). In retracing the steps 
from (2) to (1), a double sign is introduced which would give 
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P\l'=± PiP- But as PjF and P^P are positive distances, the 
equation containing the minus sign has no geometric signifi- 
cance: Equations (1) and (2) therefore are satisfied by pre- 
cisely the same points. 

The loeua is known from plane geometry to be the straight 
line which is perpendicular to PiP^ at its middle point. 

Example 4. A point moves so that the sum of its distances 
from Pi(4, 0) and P (— 4, 0) is always equal to 10 ; to find the 
equation of the lotu'. 

Let P (i,j/) be an^ 
point of the locu^ TIip 
gpometne condition sit 
isfied by all paints of 
the lo us ind by no 
others is expressed b^ 
the equation 

P^+PjP= 10. 
Expressed in terms of 
the coordinates of the point P, this becomes 

■V(x-iy + y' + V{x + if+f = 10. 
When freed from radicals, this equation becomes 
Q^ + 25f=225. 

This is the equation of the locus. It will be shown in Art. 8B 
that no new points are introduced into the locus by squaring. 

A point which moves so that the sum of its distances from 
two fixed points is constant, describes an ellipse. 

The above locus is therefore an ellipse. 

Points of the locus may be obtained by describing arcs with 
/"i and Pa as centers and radii whose sum is 10. The inter- 
sections of two such arcs are points of the locus. 

Example 5. A point moves so that the difference of its dis- 
tances from -Pi(6, 0) and Pa (—5, 0) is 8; to find the equation 
of the locus. 
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Let I'{x, y) be any point of the locus. 
Tlie geometric condition satisfied by a 




I points of the locns 
and by no other 
points ia then 

Tliis equation wlien 



Fio, U. 



2L of K and y and freed 
from radicals re- 
duces to 
^x'-lGf^ 144, 



which ia the equa^ 
tion of the given 
locua. It will be 
points are introduced into the 



shown in Art. 87 that 
locus by eqnai'ing. 

A point which moves so that the difference of its 
from two fixed points is constant, de- 
scribes an hyperbola. 

The above loena is therefore an 
hyperbola. 

Points of the locus may bo obtained 
by describing area ■(vith Ft and P^ as 
centers and radii whose difference is 8. 
The points of intersection of two such 
ai'cs are points of the locus. 

Example 6. A point moves ao that 
it remains always equidistant from P, 
(6, 0) and the y-axis ; to find the equa- 
tion of the locus. 

Let P(x, y) be any point of the lo- 
cus. From P draw PM perpendicular 
to OK Then the geometric condition to be satisfied by P i; 
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expreased by the equation 

in terms of the coordinates of P{x, y) tliis is 



x = ^(x-tif + y\ (1) 

which on squaring reduces to 

y'^Vix-ZQ. (2) 

This is the equation of the locus. 

That no new points were introduced into the locus by squar- 
ing eq. (1) may be seen as follows: Any values of x and y that 
satisfy (1) also satisfy (2), but there are values of x and y that 
satisfy (2) that do not satisfy (1), For in retracing the steps 
from (2) to (1) a double sign is introduced ; i.e. given eq. (2), 
there follows 

Kow it is evident geom^etrieally that no point can be equi- 
distant from the y-axis and (6, 0) and have its abscissa negative. 
Therefore only the plus sign can be used. Therefore all points 
whose -coordinates satisfy (2) also satisfy (1). No real values 
of X and y could therefore have been introduced into eq. (1) 
by squaring. 

A point which moves so as to keep equidistant from a fixed 
point and a fixed straight line describes a parabola. 

The above locus is therefore a parabola. 

H. Method of finding the equation of the locus of points 
which satisfy a given condition. In finding the equation of 
the locus of points satisfying a given condition, a certain 
method was followed in the preceding examples. This 
method will suffice for finding the equation of the locus of 
points satisfying any condition, if that condition can be ex- 
pressed by means of an equation. The method may be formu- 
lated as follows : 
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To find the equation of the locus of points which satisfy a 
given condition, 

(1) Assume any point Fon the locus. 

(2) Write the equation which expresses the condition that P 
miM* satisjy. 

(3) Express this equation in tei-ms of the coordinates of P 
and simplify the equation. 

45. Intoreepts of a locus on the axes. The abscissa of a 
point where a locus cuts the a;-axis is called an ^-intercept of 
the locus. The ordinate of a point where a locus cuts the 
y-axis is called a/-intercept of the locus. 

If the equation of the locus is known, the avinteroepts may 
be found by letting y equal zero in the equation and solving 
the resulting equation for x. Likewise the j'-intercepts may 
be found by letting x equal zero in the equation and solving 
the resulting equation for y. 

EXERCISE XV 
Derive the equations of tlio following loci. Find the intercepts of the 
loci on the axes. Plot the loci. 

1. A straight line through (1, 4) and (— (i, 7) . 

2. A straight line through tlie origin making an angle of 60'' wil.h the 

3. The a^axie. The jf-axis. A parallel to the a-axis through (5, 2), 

4. A straight line through (3, — 5) with slope 2. 

5. A straight line through (a, 0) and (0, 6) . 

6. A straight line through (0, 6) with slope m. 

7. A oirele with raiJius 5 and center at (2, — 4). 

8. A circle with center at (— 0, 4) and passing through (3, 1). 

9. A circle with the ends of a diameter at (6, — 3) and (3, 12). 

10. A circle with center at (A, k) and radius r. 

11. A circle with center at the origin and radius r. 

12. A circle tangent to both axes and radius r. 

13. A circle tangent to the ^-axis at tho origin and radius r. 
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14. The locus of a point which moves ao that the sum of its distances 
from (0, 3) and (0, - 3) is 8. 

15. The locua of a point which moves so tliat the difference of its 
distances from (0, a) and (0, — S) is 4. 

16. Tlie locus of a point which moves so as to remain always equi- 
distant from the point (0, — 4) and the ce-asis. 

17. The locua of a point which moves so tiiat 
from (3,2) and (-6,1) is 12. 

18. The locus of a point which moves so that 
tances from (2, 3) and (- 5, - 1) is 6. 

19. The locus of a point which moves so as to keep equally distant 
from (— 3, 4), and the line parallel to the ^axis through (8, 6). 

30. The perpendicular bisector of the line joining (1, 7) and (8, 2). 

81. A column of concrete 50 in. long was compressed lon^tudinally 
and the following numbers obtained, in which J* i= number of pounds 
compression per square inch of cross section of the column, and c = num- 
ber of inches of compression, the initial load being 100 lb. per square 

F 100 150 200 300 400 500 650 

e .0007 .0015 ■ .0034 .0067 .0080 .0093 

P 600 000 650 700 800 900 1000 column failed 

( .0108 .0112 .0121 .0139 .0175 .0321 .0275 

Make a graph wliioh shows P as a function of e, and get what infoima- 
tion yoa can from the curve. 

23. A steel rod of diameter ,664 in., length 3 in., was subjected to a 
tensile force. The following measurements were made, in which 

P = number of pounds tension per square inch of cross section of the rod, 
X — number of inches extension, the initial load bejag 1000 lb. per square 

P 1000 5000 10,000 20,000 30,000 40,000 36,000 37,000 

X .0003 .0008 .0018 .0028 .0039 .0058 .0072 

P 38,000 39,000 40,000 41,000 43,000 44,000 46,000 50,000 

X .0114 .0659 .0506 .0615 .0600 .0800 .0905 .1210 

Make a graph which shows Pas a function of X. What information do 

you get from the curve ? 
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e taken in an experiment i 
whicli an india rubber cord was stretched by hanging a weight to its em 
Tr= weight ia Icilograms, L = length i 



L 12.7 13.3 13.0 14,6 15,3 16.1 16.9 

Make a graph which shows W as a fanction of L. 

24. In Ex. 23 rednee W to pounds and L to inches, and dra 
graph. How does thn curve compare with that of Ex. 23 ? Ry 
choice of scale units could you make tlie two curves coincide? 
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LOCUS OF AN EQUATION 

46. The second fundamental problem. In the 
chapter some equations of simple loci were obtained from the 
geometric conditions which the points of the loci satisfied. In 
this chapter the converse problem of finding the locus when 
the equation is given will be considered for some simple equar 
tions. 

Illustrations. Example 1. To find the locus of the 
equation y^2x + l. 

Any number of points whose coordinates satisfy this equa- 
tion may be found; for any value may be assigned to x and a 
corresponding value for y computed from the equation. A few 
corresponding values so obtained are : 

X 0, 1, 2, 4, -3, -J/, 
t/ 1, 3, 5, 9, -5, -12. 

Plot the points determined by these pairs of values of x and y. 
They scorn to lie on a straight line. 

That the locus of the equation is a straight line may be 
proved as follows : 

Draw a straight line through two points 
whose coordinates satisfy the equation, as Pi 
(0, 1) and ^^(2, 5). (Fig. 46.) Take any 
point P{x, y) on this line and through it 
draw a line parallel to tlie 3>axis. ]?rom P, 
and P; drop perpendiculars to this line, 
meeting it in Mi and M^. 

Then from similar triangles, PM,P] and 
PM,P^ 

i/jP" MyP ' x-2 
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which, reduces to 



y^2^ 



-1. 



This equation, therefore, holds for every point ou the line. 

Conversely, all points whose coordinates satisfy the equation 
lie on the Hue; for if a point P(«, y) be taken not on the line, 
the triangles PM^P^ and PM^P-s are not similar, and hence the 
above equation does not hold. 

Hence the equation y = 2x + \ is satisfied by all points on 
the straight line througli (0, 1) and (2, 5) and by no others. 
The line is therefore the locus of the equation. 

Example 2. To find the locus of the equation, 
^= + j/^-6a; + 8)/ = 24. 

This equation may be brought into a form like that of eq. (2) 
of Art. 43, by completing the squares in the terms eontaining x 
and in those eontaining y as follows, 

I- 8 y + 16 = 24 + 9 + 16, 
|-0/ + 4)= = 49. 

; of this equation ia equal to the 
square of the distance from 
(at, y) to (3, — 4), and the 
equation therefore states 
that this distance is equal 
to 7. Hence (x, y) must 
lie on the circujnference 
of a circle with center at 
{3,-4) and radius 7. 

Moreover, the coordinates 
of any point on this circle 
satisfy the equation. Hence 
the circle is the locus of the 
equation. {Fig. 47.) 
plot the locus of 



x^~&x + ^ + y^- 

(x-3y- 

T the left-hand member 
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The following paii's of values of x and y are obtained by ar- 
bitrarily assigning values to x and computing the corresponding 
values of y. 

X 0, \, 1, 2, 3, 4, 5, 6, 10, 

y 0, ±1, ±2, ±V8, ±Vi2, ±4, ±v'2U, ±V24, ±V40, 



a the following facts a 



i readily seen to be 
) part of the 



From the equatio 
true: 

(1) If ic is negative, y is imaginary ; therefore n 
locus lies to the left of the y-axis. 

(2) Every positive value of x gives two values of y which 
difEer only in sign; there- 
fore the points of the locua 
lie in pairs such that the 
a;-axis bisects at right angles 
the lines joining the pairs. 

(3) As X increases, the 
positive value of y also in- 
creases, and as X becomes 
infinite, y also becomes in- 
finite; the locus therefore 
recedes indefinitely from 

definitely. ^'"^ ^• 

(4) A small change in ai makes a small change in y. 

The part of the locus which lies in the first quadrant may, 
therefore, be thought of as generated by a moving point which, 
starting at the origin, moves along a curve gradually rising as 
the point moves to the right and passing through the above 
calculated points. 

The part of the locus which lies below the 93-axis could he 
obtained from that above the 9!-axis by folding the upper part 
of the plane over upon the lower part, using the K-axis as an 
axis of revolution. 

The locus is therefore approximately the curve of Pig. 48. 
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EXERCISE XVI 
Prove that the locus of eaoli of tlie equations from 1 to 5 is a straight 
line. Find the intercepts of the lines on the axes and draw the lines. 

1. 3:c-4a = 6, =^ + y^i ^- !' = '^* + 3- 

2. 2x + 5y = -l2. ' d i ' 5. 41-8^ + 9 = 0. 
Prove that tlie locus of each of tlie following equations is a circle, and 

find the center and radius, 

6. !i^4-j^-4x = 0. 9, «'' + y^~2ax^2by = }^-a^~hK 

7. ^ + y^-Sx}-2y = S. 10. x^ + y^ -[■ x -- 3>j ^ 1. 

8. x^ + r = T^. 11- x^ + y''-2ax = 0. 
Plot the loci of the following equations : 

12. i^ = i(_x-2). 14. x.3 = 8(y-4). 16. x^=-y. 

13. 3? = 6y. 16. tfi = -ix. 17. a-S = 2(y + iy. 

18. ^2 = ,^^ letting »i = iV. h*, 13. WO, _1, -100. 

19. 3:2 — ^y^ letting m take different values. 

20. 3^ + 4 2/2 = 10. 21. K=-4y2 = 16. 

47. Symmetry. "Before taking up more difficult problems 
in loci it will be well to discuss briefly the subject of symme- 
try of a curve with respect to a line and with respect to a point. 

Two points are said to be Bymmetrio with respect to a given 
line when the given line bisects at right angles the line joining 
the two points. 

Two points are said to be symmetric with respect to a given 
point when the given point bisects the lino joining the two 
points, 

A locus of points is said to be symmetric with reapeet to a 
given line when all points of the locus lie in pairs which are 
aymmetrio with respect to the given line. 

The line is then called an axis of symmetry. 

A locus of points is said to be symmetric with respect to a 
given point when all points of the locus lie in pairs which are 
symmetric with respect to the given point. 

The given point is then called a center of symmetry. 

Illustrations, (a) The points (x, y) and (— x, y) are sym- 
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metric with respect to the (/-axis, the points (_x, y) and (x, — y) 
are symmetric with respect to the ic-axis, and the points {x, y) 
and (— X, — y) ai'e symmetric with respect to the origin. 

(6) la i/^ = 4 3i, if {x, y) is a point of the locus, so also is 
(x, —y)'f for if the coordinates of either point satisfy the 
equation, so do the coordinates of the other. The locus is 
therefore symmetric with respect to the ic-axis. 

(c) In !e' + iy' = 16, if (x, y) is a pouit on the locus, so are 
{—X, y), {x, —y), and (_—x, —y); for if the coordinates of 
the first point satisfy the equation, so do the coordinates of 
each of the other points. The locus is therefore symmetric 
with respect to the ^-axis, with respect to the stasis, and with 
respect to the origin. 

48. Tests for symmetry with respect to the coordinate axes 
and the origin. If an equation is such that it is unchanged 
by replacing a; by ~x, the locus of the equation is symmetric 
with respect to the ^axis. For, whatever value, say x^, be 
given to x, the resulting equation which determines the cor- 
responding value, or values, of y will be the same equation as 
that obtained by substituting — 3\ for x. Hence x^ and — Xi 
give the same values of y. 

Similarly, if replacing y hy — y leaves the equation un- 
changed, the locus is symmetric with respect to the abasia. 

If replacing a: by — le and yhj —y leaves the equation un- 
changed, the locus is symmetric with respect to the origin. 

In particular, if an equation contains only even powers of x, 
the locus is symmetric with respect to the ^-axis. If it con- 
tains only even powers of y, the locus is symmetric with respect 
to the le-axis. If the terms of an equation are all of even 
degree, or are all of odd degree in x and y, the locus is sym- 
metric with respect to the origin. (In applying this last test 
a constant term must be considered as of even degree.) 

49. Discussion of an equation. When it is desired to plot 
the locus of an equation in two variables, it is well to discover 
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as many properties and facts concerning the locus as one can 
by a study of the equation. Some important things to look 
for are 

(1) Symmetry. 

(2) Points where the locus crosses the axes. 

(3) What values, if any, of one variable make the other 
imaginary. 

(4) What iinite values, if any, of one variable make the 
other infinite. 

(5) How inereaaing or decreasing one variable will affect 
the other. 

(6) What value, if any, does one variable approach when 
the other variable becomes infinite. 

50. Illustrations. Example ], To plot the locus of 

x^' + if^lG. (1) 

If the equation be solved for x and y, respectively, there 
results 

x = ±2Vi^ (2) 

and y ^ ± -^Vie^^'. (3) 

(1) Equation (1) shows the curve to be symmetric with 
respect to both coordinate axes and the origin. 

(2) If y = 0, K=±4; if a; = 0, )/ = ±2. Hence the curve 
meets the axes at (4, 0), (-4, 0), (0, 2), and (0, -2). 

(3) Equation (2) sbowa that if y^>4, x is imaginary. -■. y 
cannot be greater than 2 nor less than — 2. 

Likewise, eq. (3) shows that x cannot be greater than 4 nor 
less than — 4. 

(4) No finite value of either variable can make the other 
infinite. 

(5) From eq. (3) it is clear that as x increases gradually 
from to 4, taking all values in that interval, the. value of y 
represented by the positive radical steadily decreases from 
2to0. 
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(6) Values of x and y are excluded from becoming infinite 
i>I (3). 

The part of the locus that lies in the first quadrant may 
then be thought of as generated by a point which, starting at 
(0, 2), moves gradually to the right and downward until it 
i (4, 0), A few additional points through ^hich the 
e passes will then suffice for a fairly accurate drawing of 
;nrve. A few points computed from eq. (3) are 
a; 1 2 3 3.5, 



y 1.9 1.7 1.3 .06. 
The curve is therefore approximately as shown ii 
The curve is an ellipse, as will be shown later. 



Fig. 49. 
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Example 2. To plot the locus of 

a^-4/ = 16. (1) 

Solving for x and y, respectively, 

x=±2Vf + i, (2) 

(1) Equation (1) shows the curve to be symmetric with re- 
spect to both coordinate axes and the origin. 

(2) If 91 = 0, y is imaginary; if y=0, x— ±4=. Hence the 
locus does not meet the j'-axis, and raeets the ir-axis in (4, 0) 
and (-4,0). 

(3) From eq. (2) it is evident that as is real for all real values 
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of y, and from eq. (S) that y is ima^nary for all values of x 
between — 4 and 4, and is real for all other values of x. 

(4) No finite values of either variable makes the other in- 
finite. 

(5) Oonsidering the value of y corresponding to the positive 
sign of the radical in eq, (3), and considering positive values 
of X, it is evident that as x increases y also increases, a small 
change in x making a small change in y. 

(6) As X increases indeflnitelj, y also increases indefinitely. 
Moreover, as x becomes larger and larger, Va^— 16 differs 

less and less from x. This may be proved as follows : 

The difference between x and Va?^ — 16, i-e. x — Va;' — 16, 
may be expressed as 



\-^a?~ 



16 



Kow, when x increases indefinitely, this fraction decreases in- 
definitely and approaches the limiting value 0. Therefore as x 
increases indefinitely, the value 
of y approaches nearer and nearer 
without limit to the value of ^a:. 

Now, y = ^x is easily shown to 
)e the equation of a straight line 
through the origin and the point 

"' p m '•^' ^•'" ^'®* ^^^^ '™^ ^^ drawn. 

'°* ■ (Fig. 50.) The curve will then 

come nearer and nearer without limit to this line a 

infinite. 

A few points through which the curve passes 
quadrant an 



'- ;gP 


' ^^^ 


SEE-— -X 



4 5 



10, 



1.5 2.2 2.9 4.0. 



The part of the locua which lies in the first quadrant may 
then be thought of as generated by a point which, starting at 
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(4, 0), gradually rises as it moves to the 
the above points, and approaches neare 



3 through. 
sr to the 



whose equation is j/ = 



straight line 

The complete 
locus is obtained 
from the part in 
the first quadrsvnt 
by considerations 
of symmetry. 
(Fig. 51.) 

The curve is an 
hyperbola, as will 
be proved later. 

The straight 
line to which the 
curve approaches indefinitely near as the point generating the 
curve recedes indefinitely is called an asymptote of the curve. 

Example 3. To plot the locus of 

iric with respect to either coftr- 
. tlie curve meets 




Solving for x 



(1) The locus is not ; 
dinate axis or the origin. 

(2) lix = 0,y = ^i; if )/ = 0, 
the axes in (0, -|) and (-|, 0). 

(3) No real values of either variable make the other 
nary. 

(4) If a; = 3, y is infinite; if 2/ = 2, a is infinite. 

(5) By division, eq^. (1) may be written 



From this equation it follows that as x increases from a nu- 
merically lai^e negative number to 3, y steadily decreases from 
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a value a little less thsui 2 to — oo . As a: inereE^es through 3, 
y changes from — to +, and as x increases from 3, y steadily 
decreases and approaches the limitiag value 2 when x becomes 
itiiinite. 






The following points are 



The 



! may then be sketched a 
= 2 are asymptotes of the < 



-3 9 \ 
. in Fig. 52, 



The lin 



a; = 3 and y = 
Example 4. To plot the locus of 

(1) The locus is not symmetric with i 
ordinate axis oi' the origin. 

(2) The locus meets the axes in (0, 0), (- 1, 0), and (-2, 0). 

(3) H'o real values of either variable make the other imagi- 
nary, 

(4) No finite value of either variable makes the other in- 

(ii) Let X take a numerically large negative value ; then y U 
iiumerieally large, but negative. 



aspect to either c 



from the value 



y Google 



LOCUS or AN EQUATION 



61 



assigned toward —2, each of the factors of y remains negative, 
but decreases in numerical value; y therefore remains nega- 
tive, but decreases in numerical value until a; = — 2, when y = Q. 
Aa X passes through the value —2, the factor x + 2 changes 
sign and becomes positive, the other 
factors of y remaining negative in 
sign until x = — l\ therefore y is 
positive for all values of x between 

— 2 and — 1. As a; passes through 

— l,y passes through a 
negative for all values of x between 

— 1 and 0. As x increases through 
0, y again becomes positive and 
steadily increases as x increases and 
becomes infinite when a! b 
finite. 

The locus may then be generated 
by a point which, starting indefi- 
nitely far to the left and below the 

origin, steadily rises as it moves to the right until, after cross- 
ing the K-axis at ( — 2, 0), it turns at some value of x between 

— 2 and — 1, descends to cross the ic-asis at ( — 1, 0), turns 
again at socEie value of x between — 1 and and ascends to 
cross the avaxis at" (0, 0), and continually thereafter moves to 
the right and upward, receding indefinitely from both axes. 

The following points are on the curve: 



ff 



-120 -24 -6 







-f- 



-1 



6 24 336. 



Tlie curve is shown in Fig. 63. 
Example 5. To plot the locus of 

f = {x + 2)ix-l){x-S). 
(1) The locus is symmetric with respect to the stasis. 
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(2) The loeua crosses the avaxis at (- 2, 0), (1, 0), (3, 0), 
and the y-nxis afc (0, + VO) and (0, — VS). 

(3) If X is less than —2, or is between 1 and 3, y is 
imaginary. 



(4) No finite value 
infinite. 

(5) Since y^ = whe 



V z: 
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'7- — ^— 


:^::5:::::: 





:g:::::: 


— :;:^::: 
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L 



Fig. f 



of either variable makes the other 

1 ic = — 2 and when ic~l, and is posi- 
tive for all values of x between — 2 
and 1, therefore as x increases from 
—2 to 1, the positive value of y must 
increase from when a;— —2 and 
then decrease to when x — 1.* 

As X increases from 1 to 3, y^ is 
negative ; y is imaginary. 

As X increases from 3, y^ becomes 
and remains positive a^d steadily in- 
creases as X increases. The positive 
value of y, therefore, increases as x 
increases from 3. 

(6) When x becomes infinite, y be- 
comes infinite. 

The curve then consists of a closed 
portion between x = — 2 and 3; = l,and 
an infinite branch to the right of a; = 3. 



The following points are on 
X -2 -^ -1 01 

y ±2.4 ±2,8 ±2.5 
The curve is shown in Fig. 



the o 



±5.5 ±7.5 ±11±14.7±27. 



t present the student hSiS no menns 6t telling that y does not change 
increasing to decreasing and from decreasing to increasing SBveral 
as X Increases from - 2 to 1 ; nor of tolling where a change of this feind 
place. The inyestigation of such questions will be the subject of a later 



y Google 



LOCUS OF AN EQUATION 



EXEKCISE XVII 
Discuss the following equations and plot the ■ 



1. 


xy-i. Z. y = ixK 


5. 


y^ = x^. 6. y^x(x. 


9. 


!,2 + 4 »= = 4. 10. J 


12, 


y^^^. 13. y 


15. 


y = ix^ + i. 


17. 


x^y-' = i. 


19. 


lfi^(_x-iyix-2). 




u^ + 2 


' 


(^-l)(«-3)- 


23 


2(x + S)(x-2) 


' 


^ (x + l){_x-i) 



4. y =—)^. 

8. y = (x+^^-)x(x- 



14. (:c + 2)(y-fy):=l. 



18. ,'.(.-l)(s- 


3)(:c-6). 




-4) 
-6) 


- ' <»+l)(«^ 


-3) 


24. pc = a constant. 


36. . = 32(. 




28. s_2=_Lg. 

1 ft. above a plane surface, 
at any point varies inversely 



37. 3 = 16(2. 

29. A ligbt is placed at a distance 
Given that the iiluraination. of the plar 

as the square of the distance from the light, and directly as the cosine of 
the angle between the incident rays and the perpendicular to the plane ; 
prove that the illumination at a point in the plane at a distance x from 
the foot of the perpendicular from the light to the plane is given by 

I = Qk , where C is 

(x^ + h'i)^ 
Plot the curves for k~20 ft., 30 ft., and 40 ft. 
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TRANSFORMATIOM" OF COOEDINATES 

e of axes. The coordinates of a point in the plane 
depend upon the position of the axes to which the coordinates 
are referred. 

A change of axes will change the coordinates The equa- 
tions connecting the coordinates of any point m the plane with 
the coordinates of the same point 
when referred to another s'^stem 
will next be derived foi certain 
changes of axes. 







Y 


Y' 

N' 










M 




X' 




r 




o' 



52. Translation of axes. Assume 
L set of axes OX and OY and a 
- second set O'X' and O'Y' parallel 
respectively to the first axes. Let 
O' referred to OX and OFbe {h, fc). 
Take any point P in the plane 
and let its coordinates referred to OX and OYh&x and y, and 
referred to O'X' and O'ThQx' and y'. Then (see Fig. 66), 
x = ST, a!'=N'P, h=NN', 
y=MP, y' = M'P, k = MM'. 



Now 
and 



NP = NN' + N'P, 
MP^MM' + M'P, 



This transformation fron 
called " Translation of the a 
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53. Sotatioaof axes. Let the rectangular axes OX' and OY" 
make an angle fl with OX and OFrespectively. Let any point 
i'have eoSrdinates (a:, y) referred to OX and OT, and (as', y') 
referred to OX' and OY'. Let OP=^r and AX' OP = <p: 
ThenjUXOP^'fi' + e. 
Then, Mg. 5 




y' = »■ sin <l>', 
x = r cos {tl>' + 6), 

Expanding the last two equations, 

x = r cos 4-' cosd — r sin 4>' sin 6, 
y = r cos c^' sin 6 + »■ sin ^' cos 6, 
or ce = x' tios 6 — y' sin 0, 

y =3t' sin 6 + y' cos 9, 
These equations hold for any point in the plane. They ex- 
press X and y in terms of x' and y'. 

To express ib' and j/' in terms of x and y, these equations, may 
be solved for x' and i/', or the equations may be derived as 
follows : 

InFig. 56, let ZXOP=0, 
then » = r eos ^, 
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y' = rsm (^ — fl) = j-siii^co3^ — )'cos</)sinfl, 
OP »' = a; COS 6 + t/ sin ff, 

y' ~y cos $ — as sin 6. 
This transformation from one set of axes to tlie otlier is 
known as " Kotation of the axes." 

54, Applications. The formulas of translation and rotation 
of axes may he used to sunplify equations, thereby making the 
construction and classification of the loci easier. 

Example 1, Consider the equation 

12 a;^- 48 X + 3 / + 6 j; = 13. 

Let the axes lie translated to a new origin (h, k), the formu- 
las for which are 

« = k' + 7(, y = y' + fc 

Substituting these values in the equation, it becomes 
12 a'^ + 3 ?/'= + (24 A - 48) a;' + (6 ft + li)y' -|- 12 A= + 3 ft= - 48 A 
+ t>&-13 = 0. 
The quantities 7t and k may have any real values assigned to 
tliem. If tbey be so chosen that the terms of first degree in 
x' and y' drop out of the equation, the equation will be simpli- 
fied and the locus will be symmetric with respect to the axes 
O'X' and 0' Y'. To accomplish this it is only necessary to let 
24 ft - 48 = 0, 
6 ft + fi = 0, 
from wbicb ft — 2, ft =: — 1, 

The equation then becomes 

12 »'^ 4- 3 y^ = 64, 
This, then, is the equation of the locus referred to the axes 
O'X' and 0' Y'. 
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The equation is now easily discussed and the locus plotted. 
Fig. 57 shows the locus and both sets of axes. 

The student should discuss and 
plot the locus. 

Example 2. 

y'-Sy + ix + G^O. 

Translate the axes to the new 
origin (ft, fc) by means of 

X ^x' + It, y — y' + k. 
The transformed equation is 

y'^-\;2]cy' + }e'-8y'-8k + ix' 

Here it is not possible to choose h 
and Is so that the terms of first de- 
gree in x' and y' will drop out, since '"' ' 
the coefficient of x' is 4. They can, however, be so chosen that 
the term in y' and the constant term will drop out. To ac- 
complish this it is only necessary to lot 

2Ic-8 = 0, 
and F-8i' + 4/i + 6-0, 
from which k — i, 'i = f . 
The equation then be- 
comes 
r i/'' + ix'^0. 

The locus is now easily 
constructed. (Fig. 58.) 
— Example 3. 

llx'+2ixij+iy^^2(). (1) 

In equations of this 

form, i.e. equations of 

second degree in x and y containing a term in the product xy, 

tlie term, ju xy may be made to drop out by a rotation of axes. 
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Substituting in 


eq. (1), 


11 (x' cos e-y' sin fl)^ + 24 (x' co 


+ 4(^'sin 


Expanding and collecting, 


llcos=6 


o!"-22sinfleose 


+24cosilsin# 


+ 24 cos^ & 


+4sin^S 


--24sin^e 




+ 8sinecose 



- )/' sin 0) (x' sin fl + y' cos 0) 
y cos 6)^ = 20. (2) 



i/'+ll sin^i* 
-24sinecos£ 
+ 4eos^fl 



It is now possible to choose 6 so that the coefficient of u 
will become zero; for it is only necessary to have 

24 (cos= e - sin' 6) = 14 sin cos 0, 

or 24 cos 2 6 -- 7 sin 2 0, 



tan 2 19 = -2^. 



(4) 



To satisfy eq, (4), lot 2 ^ be the angle in the fii-st quadrant 
whose tangent is ^. Draw the right triangle with sides 24 
and 7 as in Fig. 59. The hypotenuse is then 25. 
.■. sin2^ = ^, cos2fl = 5V 

Now sin' ^ = 1(1 - cos 2 tl), cos* fl = i (1 +cos 2 e), 
and 

sin $ cos S = ^ sin 2 S. 
sin' $ = j\, cos' S =■ i I, sin fl eos 6* = if. 
Substituting these values in eq. (3) and dividing the 
resulting equation through by 125, there results 
7 4 3^' - 2/" = 4. 

"Referred to the new axes the locus is much more 
easily constructed. The discussion of the equation is very 
similar to that of example 2, Art. 50, 
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The ]ociis and both sets of axes are shown in Fig. 60. 
The angle through which the axes are turned is tan"^ \ 

EXERCISE XVIII 
Simplify the following equations by a translation of axes to i 
;he terms of first, degree where possible, and by a rotation of axes 
uove the terms in as/. Plot the curves and all coScdinate axes. 

1. 3^-63i + 4!)=+8s/ = 5. 

2. 4i2-4a^+-a-2H = 0. 

3. 4ie3 + v2-13ai + 29-2=0. 

4. <^-^y^-ix-\-%y-\\ = ^. 

5. s^-8y + 8 = 43;. 

6. 2*a-Gj/' + a:!(-5a + llj/ = 3. 

7. a;8+23:!(-Fj/'-12a + 2D = 3. 

8. a?-aT;-2j/2_3._4j_a_o. 

9. 3ic2 + 2a^+3!)» = 8. 
10, :<■!/ = 4. 
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CHAPTER VI 

THE STRAIGHT LINE 

55. Theorem. Every straight line has c 

degree in Cartesian coordinates. 

^ Two cases are to be considered ; 

(1) The line parallel to a coSrdinate axis. If the line is 

parallel to the ai-axis, then all points of the line have equal 

ordinates. .■. j/ = c, where c 

is a constant, is true for all 

points of the line and for no 

others. It is therefore the 

equation of the line. 

Likewise, a line parallel to 
the 2/-axis has an equation of 
the form x=c. 

(2) The line not parallel to 
an a>:is. 

°' " Let the line cut the jz-axis 

at if(0, 6). 

Let P(x, y) be any point of the line. Through P draw PM 
parallel to the 9f-asie to meet the J/-axis in M. Then as P 

moves along the line, the ratio — '— will remain unchanged. 

PM 
For if P* is any other point of the line, then, by similar tri- 
angles, 

MN ^ M'N 
PM " PM'' 
Lot this constant ratio be denoted by m,. 

,r, MN 

I hen =m 

PM 

is true for all points on the line, and for no others. 
70 
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From the figure the values of MJ^ and PM a 
I — y and — a; ceapeetively. Therefore 



This is therefore the equation of 
the line. It is of first degree in 

For a line passing through the 
origin, the value of b is zero, and 
the equati 



The relation between the lines 
y = mx and y = mx+b is shown 
in Pig. 62. 

It is important to notice that if 
the axes are rectangular, the constant ratio 
slope of the line. 

56. The equation of first degree. Conversely, every 
of first degree in Cartesian coSrdinates, with real a 
the equation of a straight line. 

The general equation of first degree is of the fori 
Ax + By+G=0. 

Here again two cases are to be considered : 

(1) When either ^1 or .B is zero. Suppose A. 
B^Q, and the equation may be written 




(1) 
Then 



This equation i 
parallel to the x-a 



evidently satisfied by all points 
i, and by no others 
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Likewise, if ^ = 0, the equation represents a straight line 
pai'allel fco the jz-axis. 

(2) When neither A nor B is zero. Solve the equation for 

■^ B B 

"Saw this is of the same i'oim as 



which was found in the preceding article to be the equation 
of a straight line, and since a straight line can be drawn so 
that ™ and 6 will have any assigned real values, a line can he 
drawn so that ^ = --^. a.n<^ ™^~r' ^hen )/ = -^a;-^, 
or Ax + By + C= 0, is the equation of this line. 

Hence Ax + By + 0=(i 

is the equation of a straight line. 

The proofs given in this and the preceding article hold for 
oblique as well as for rectangular coSrdinates. It is only in 
rectangular coordinates, however, that m is the slope of the 
line. 

5?. The conditions which determine a straight line. The 
position of a straight line is determined when there are known 
either, 

(1) Two points on the line, 

(2) A point on the line and the direction of the line, 

(3) The length and direction of a perpendicular froui a fixed 
point to the line. 

Considerations of these conditions lead to the following 
special forms of the equation of the straight line. 

58. The two-point equation. Let Pi(a;„ y^) and Piise^, y^ be 
any two points. To find the equation of the straight line 
through them. 
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Let P{x, y) be any point on the li 
line parallel to the y-axis to meet li 
through P and i*2 in M and 
Mi respectively. Then by sim- 
ilar triangles, 



. Through Pi draw a 
s parallel to the ^^axis 



MPr _ 
JMsPi' 



MP 

' M^P,' 




y-i — Vi iCa — ODi 

This equation holds for 
every point on the line, and 
for no others. It ia, therefore, the equation of the line. 

59. The intercept equation. In the last article let the two 
given points be {a, 0) and (0, 6). The equation then boc 




y-h x-a 
Clearing of fractions, transposing, 
and dividing by ab, the equation re- 
duces to — + b~^' 

This is known as the intercept equa- 
tion of the line, since a and b are the 
intercepts of the line on the eoSrdinate 
axes. 
In this equation neither a nor 6 can be zero. 

60. The point-slope equation. Let the line pass through 
Pi(Xi, yi) and have a slope m.. Let P(x, y) be any point on the 
line. The slope of the line joining Pj and P is ^ — ^', which 
by hypothesis is equal to mi. ^ 
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is an equation which holds for all points on the line and for no 
others. It is, therefore, the equation of the line. 



Fio. tJB. 

Clearing of fractions, it may be written 

This equation does not apply to a straight line parallel to 
the y-axis, for which m is infinite. 

61. The slope equation. If in the last article the given point 
is (0, &), the equation reduces to 

y = tnx + 6, 
which is the slope equation already considered. (Art. 55.) 

62, The normal equation. Let the distance from the origin 
to the straight line be p, and let the angle which this perpen- 
dicular makes with the K-axis be «. The quantity p will be 
considered positive always. 

Let H be the foot of the perpendicular from the origin to 
the line. The coordinates of H are then p cos a and p sin a.. 
The slope of OH is tan a. Therefore the slope of the given 
line is — cot a. 

Hence the line passes through {p cos a, p sin a) and has a 
slope equal to — cot «. 
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The equation of the line is therefore, by Art, 60, 
y-psma. = -(iota{x-p oosa). 



Replace cotu by — — , clear of fractions, and transpose; the 
equation then becomes 

3;cos*e + !/sin«— p (cos^«+ sin^«) =0, 
or a^ cos a + y sin a — p — 0. 

63. Seduction of Ax + Jiy + C=0 to the slope intercept, 
and normal forms. The equation Ax+By-]'C = may be 
reduced to tho slope, intercept, and norma! forms as follows : 

(a) To reduee-4:i; + £!/+ = totbeslopeform. Solvetbe 
equation for y. There results 



which is in the form y = ma; + b, where m = — — , i = — — ■ 

The method fails when S= 0, The equation cannot then be 
put in the slope form. 

(6) To reduce Ax-\-By + G = to tho intercept form. 
Transpose C to the riglit-hand side of the equation, and divide 
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by — C; the resulting equation may be written 



1 the foi-m 



|-'/=l, where a 



ethod fails if either A, B, or Cis zero. If = 0, both 
intercepts are zero. If either A or 
B is zero, the line is parallel to aft 
axis of coordinates. 

(o) To reduce Ax-\-By + G=Q 
to the normal form. 
J( Let X cos « + .V sin « — p = be 
the normal equation of the line. 
The foot of the perpendicular from 
the origin to the line is then 
(j) cos a, p sin a). The coftrdinates 
of this point must satisfy the equation Ax -\-By -\-C—^. 

Ap<iosn + Bpsma-^C=fi. (1) 

Also the slope of the perpendicular is the negative reciprocal 
of the slope of the line ; 



B 



Substitiiting in (2), 



[See (ffl) of this article.] 

1 A 

± Vl + tan^ a ~ ± V^T^ 

B 



(2) 



±-^AU 
Subs tit Q ting these values of sin 
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Substituting these values of sin a, cos a, and p in the normal 
equation of the line, there results 

^ .4- ^ v^ g^^Q. 

Hence, the equation of a line is reduced to the normal foi-vit by 
dividing the equation of the line Uiroagh by the square root of the 
sum oftke squares of the coefficients of x and y. Tlie sign of the 
mdical should be taken opposite to the sign of G so that p will be 
positive. 

64. Illustration. To reduce '2x — iy + 7 — to the slope, 
intercept, and normal forms. 

(a) Solving for y brings the equation into the slope fortn. 

in which rn^^^, ?j = |. 

(&) Transposing the constant term, 7, and dividing by — 7, 
brings the equation into the intercept form 



.gs the equation into 





z 


h-f 


= 1, 




in wMoh 


a = 


-hi- 


= t 




(c) Dividing tlirougli by 
the normal form 


_ V2="+4^ bri 


ngs the 




-Vi'^^^ 


2V5" 


= 0, 


in wliicli cos K = 


1 

Vs' 


.in.= 


7i- 


7 
"2V5' 



65. Applications of the formulas. By the use of the formulas 
derived in this chapter the eqiiations of straight lines which 
satisfy certain conditions can be easily found. 

IlLUSTBATIONS. 

(a) To find the equation of a straight line which passes 
through (3, —5) and makes an angle of 30° with the a^axis. 
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* is tan 30°, or 



^(^ 



78 

The slope of the 
Btituting ill the equation y^y^- 

y + 6^ , 
which reduces to 

the required equation. 
(6) To find the equatio 



— _:. By sub- 
V3 
a^i) there results 



-(«-3). 




of the straight line which passes 
through (—3, 1) and makes 
an angle of 60° with the line 
4^-9^ = 12. 

Let the angles which the 
given line and the required line 
make with the avaxis be 6i and 
B respectively, and the slopes of 
lines be rai and m re- 
spectively. Then m,^ = tan tf„ 
in — tan 9. But m, = I, and 
^ = ^, + 60°. (Fig. 68.) 
^ tan (Pi + 60°) 



9V3 
4V3 



tan 6i + tan 60° 


l-tanfl,tan60° 


■*. + V3 4 + 9 


J 4V3 9-4 
9 


144 + 97V3 



■r approximately 



required equation is 

,-i=yi±|i^(.+3), 

i/-l = 9.45(i» + 3). 
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66. The point of intersection of two straight lines. Let the 
two lines whose equations ai'e 

Aric + B,u + C\ = l}, (1) 

and A^ + Bi>/-i-Ci = f), (2) 

be denoted by L^ and L^ respectively. In eq. (1) x and ij 
may be the coordinates of any point on 7^,, and in eq. (2) x 
and y may be the coordinates of any point on ia, and hence x 
and y in one equation are not the same in ^ 
as X and y in the other. If, however, the 1 
intersect, there is one pair of values of a; and */ 
that satisfy both equations; namely, the coordi- 
nates of the point of intersection. Conversely, if 
values of x and y can be found which satisfy both 
equations, they are the coordinates of a point on '"^- ™- 
both lines, i.e. the point of intersection. Therefoi-e, to find the 
coordinates of the point of intersection of two lines, solve the 
equations of the lines aa simultaneous. 

What if the lines are parallel? 

Illustbation", To find the point of intersection of 
3x + 2,j = ll 
and 4x — 5y — 7. 

Solving the equations as simultaneous, the values of x and 
y are found to be x — 3, !/ = 1. Therefore the point of inter- 
section is (3, 1). 

Let the student plot the lines and check graphically. 

EXERCISE XIX 
By sub-iititutiiig in tlie formulas write the equations of the straight lines 
■which satisfy the following given conditions; 

1. Passing through (2, 1) with slope — 3. 

2. Passing throi^ (— 3, 7) and (2, — 5) . 

3. With X- and y-iiitei'cepta 3 and — 8 respectively. 
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4. With ?/-lntercept and slope 2. 

6. Passing through the origin witli slope — j. 

6. With a = 80° and J) = 4. 

7. Witlij)=5andm=-|. 

8. Passing through (2, — 5) parallel toSx~y + i — 0. 

9. Passing thro\^li (0, 0) perpendicular to ax + bg -^ c = d. 

10. Passing through (Xi, yi) parallel to y = mx + b. 

11. With ^-intercept 6 and perpendicular to Ax + By + (7=0. 

12. Passing through (A, k) parallel to xocmff + ysinp = q. 

13. Passing through (e, /) parallel to to + my -|- n = 0, 

14. Passing through the origin and perpendicular to gx -\-fy = c. 
Reduce, where possible, each of the following equations of straight 

lines to the intercept, slope, aud normal forms, giving the values of a, &, 
m, a, and p. 

15. Zx-iy^h. 17. 2x~hy = Q. 19. y~25 = (S. 

16. y + ix^i. 18. -x-^2y = 9. 

20. Obtain the equation of the straight line which passes through 
(1, 2) and makes an angle of 60° with the line 2 a; — 5 ^ = 8. 

21 Two lines Li and ij, intersect in (~ 3, — 2) ; L\ has a y-inter- 
cept eqmJ to — 6 and makes tan-' | with ij ; find the equations of the 

22 tind the equation of the straight line of slope — | which passes 
thriu^h the intersection of 2^ — a; = 5 and* — 3j/ = I. 

23 The vertices of a triangle are (1,2), (4, -6), and (-5, -3); 
find thp e luations of its sides. 

24 !Find the equations of the perpendiculars from the vertices upon 
the opposite sides of the triangle in example 23, and prove that tliey meet 
in a common point. 

25. Find the equations of the medians of the triangle in example 23, 
and prove that they meet in a common point. 

26. Find the equation of the line through (fi, k) making tan-im with 
y = U + h. 

27. A line passes througli (2, 5) and is distant 8 from the origin ; find 
Its equation. How many solutions? 
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38. Show that A^ + Bij + C = 

and Ax + Bi/ + K-0 

are parallel, and that 

Ax + By+ C = 0, 
and Sx-Jy + K=0 

are perpendicular. 

29. Wliat set of lines is obtained by varying & in the equation 
y~7iix + b^ Wliat set of lines by vajying m ? 

30. Discuss Uie efieot upon the line Ax + Bi/ + C = of changing 
each of the constants, keeping tlie other two nnclianged. 

31. Find tlie equation of a straight line which piteses through the inters 
section of2» — ^ + 6 = and k — 2^ + 1=0, and makes an angle of 45° 
witli y = 2ic. 

33. Prove that ax-\- by + c +k(lx + my + n) = Is the equation of a 
straight line which passes through the intersection of ax + by ri- c — and 
Ix + my + n= 0. What is the effect on tlie line of varying k ? 

33. Using the fact expressed in example 82, find the equation of llie 
straight line which passes through (3, —1) and the intersection of 
2x + iy — 1 =0 and 7a; — 2y + 13 = 0, by determining tlie proper value 
of A. 

34. Find the equation of the straight line which passes through the 
intersection of a;-|-8y— 7=0 and a — 3« = 2, and makes an angle of 
185" with the K-axis. 

36, Find the equation of the straight line which passes through 
the intersection of 2x-9y = i8 and 1y + 5x = 2l, and is parallel to 
4a; + 6^-3 = 0. 

36. Find the equation of the straight line perpendicular to Sy = 7as 
which passes through the intersection otx + 2y= 8 and 4 * = 13 y. 

67. Change of sign of Ace + By + C. The expression 
Ax + By+O is positive for all points on one side of the line 
Ax + By+C = 0, and is negative fm- all points on the other side 
of the line. 

Proof. I. Suppose E^O. The line is then not parallel to 
the y-axis. Let L be the line whose equation is Ax+£y+ (7=0. 
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For all poiats on this line 



B 



B 




Let (a:,, y^) be any point above the line. Since yi is greater 
than tlie ordinate of the point 
on the line with abscissa Xi, it 
follows that 

^' B ' B' 

This is true, then, for any 
■^"^- ™- point above the line. Thei-e- 

fore, for all points above the line, 

Axi + liyi+C>0, if B>0, 
and Ax, + By, + C < 0, if iJ < 0. 

In either case the expression has the same sign for all points 
above the line. 

If the point is taken below the line, the inequalities are all 
reversed. Hence the expression has the same sign for all 
points below the line, but that sign is opposite to the sign of 
the expression for points above the line. 

11. Suppose 5 = 0. Thenjl#0. The expression becomes 
Ax+C, and the equation of the line becomes Aa^-^C — ^. 
The line is parallel to the y-axis. On this line x = — -■ To 

the left of the line »<—--, and to tlie right of the line 
A 

Therefore Ax+ Chas the same sign for all points 



C 



on one side of the line and has the opposite sign for all points 
on the opposite side of the line. Hence the theorem is true 
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An important special case of this theorem is the following : 
The sign of the expreasion Ax + By -\- is the same as, or 
opposite to, the sign of aecordhig as the point (x, y) and the 
origin are on the same, or opposite, sides oftlte line Ax +By+ G= 0. 
This follows at once from the theorem, since the value of the 
expression Ax + By+C\8C when the coordinates of the origin 
are substituted. If (7=0 and Ai=(i, the student can easily 
show that the sign of Ax + By is the same as, or opposite to, 
the sign of A, according as {x, y) lies to the right or left of the 
lino Ax-\~By = (i. 

68. Illustration. The expression 3 a; + 7 ^ — 8 has the value 
2 at (1, 1), which is opposite in sign to C, or — 8. Hence 
(1, 1) and the origin are on opposite sides of the line 
■S'x+ly-i = i). 

Also the expression 3 k + 7 y — 8 has the value — 1 at (2, -i^), 
which is the same in sign as ~ 8. Hence (2, \') and the origin 
are on the same side of the line 3af + 7j — 8 = 0. 



69. Distance from a point to 
will be first worked through, 
distance from (6, — 3) to the 
lineSa; — 5y==7. 

Transform to parallel axes 
through the given point 
(6, — 3), as a new origin, the 
equations of transformation 
for which are 

x = x' + &, y = y' ~3. 
Substituting these values in 
the equation of the line, it Fig. 

becomes 

which is the equation of the line referred to thi 



a line. A. numerical example 
Let it be required to find the 





Y 




y ^ 







^ 


X 


1 


/ 


\ 




y^ 




\ 


0' X' 








(6, -3) 
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The distance from the new origin to the line is given by the 
formula 



which here becomes 



70. General formula for the distance from a point to a line. 

Let the given point be P|,(a.-i„ */(,), and the given line 

Transform to parallel axes througti /•(, as a new origin, for 
which the formulas of transformation 




The equation of the 
the new axes is then 



te referred to 



Ax' + B'j' + Axo + B'ja 



In this equation x' and y' are the vari- 
able coordinates, and the constant 
^■°- ^^' terra of the equation is Ax„ + Bye+ C. 

Therefore the distance, d, from the new origin to the line is 
^^ AX(, + Bp(,+ C ^ 
± VjJ+'B^ 
This distance will be regarded as a positive quantity. The 
sign of the radical must therefore be taken the same as the 
sign of Axg + JBj/o + G. But Axq + Bya + C has the same sign 
as C when {x^, yo) and the origin are on the same side of the 
line Ax-]-By+G=Of and has the opposite sign to C when 
(Xo, yo) and the origin are on opposite sides of the line (Art, 67). 
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Therefore the sign to be taken with the radical is the same as 
the sign of G when (x„, y^ and the origin are on the same side 
of Ax + By + C= 0, and opposite to the sign of G when {x^, y^ 
and the origin are on opposite sides of the line. 

If (7 = 0, the sign to be taken with the radical is the same as 
or opposite to the sign of A according as (a^ y^ lies to the 
riglit or left of the line Ax + By = 0. 

EXERCISE XX 

1. riud the distance Irom. the point (3, — 5) to the liiie 7 a: — 5 2/ = 13. 

2. Bind the distance from tlio intersection of 2a — 9?/ = 3 and 
-6j(-4a:=12toa:-5 = e!/. 

3. The vertices of a triangle are 4(1, 4), S(- 3, - 5). and C(6, -4); 
find the area, by finding the lengths of AB and the altitude from 
C to AB. Check by using the fonniila for the area of a triangle. (See 
Art. 30.) 

4. The equatioHiS of the sides of a triangle are ce + 4y — 7 = 0, 
Zx + y + \=(i, and 2^ — 59; + 13t=0; find the area of the triangle by 
finding the length of one side and the length of the perpendicular from 
the opposite vertex to that side. Cheek by using the formula for the 
area of a triangle. (See Art. 36.) 

5. Find the distance from the intersection of 2x — 5j/ = 3 and 
8a;+J/ + I3 = 0tothQ line through (— |, 4) and (0, —3). 

6. Mud the distance from (9, — 1) to the line through the origin with 

7. Find the distance from (x^^ y{) \o y = mx + 6. 

8. Find the distance from (%, ya) tOK cos a +;< sin a=p. 

9. Find the equations of the bisectors of the angles formed by the two 
lines 2a + jf — 7=0 and ix — Sy — 5 = 0. Show by their slopes tliat 
the bisectors are perpendicular to each other. 

SuCGEBTioH. The distances from (»a,ya) to 2x-ly — 1'—(l and 
4a!-3sf-5 = 0ai 



2 % 4- yo •- 7 ^^^ 4 ail - 3 sn - 6 , 

±VS =tVl5 

Now the bisector of an angle is the locus of points equidistant from the 

sides of the angle. Honcc to ohtain the equation of the bisector, place 
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the above values for the distances e(iual to each other and remove the 
subscripts to indicate variable coordinates. The proper signs of the 
radicals must be chosen, as explained in Art. 70, 

10. The thi-ee sides of a triangle have the equations Sx — iy = 7, 
52+ 12;/ + 8=0, and ix + 3y — V2 = 0; HdH the equations of the three 
inner bisectors of the angles, and show by their equations that they meet 
in a pomt. 

11. Find the equations of the three outer bisectors of the angles of 
the triangle of example 10, and prove by their equations that two ol the 
outer bisectors and the inner bisector of the remaining angle meet in a 

71. Equations of the straight line in polar coordinates. 

(i) Equation of the straight line through two points. Let 
P^(r^ 6j) and ^^(''i. ^a) ^^ ^^7 two pointa in the plane. To 
find the equation of the straight line passing through them. 
Let P(r, 6) be a point on the line as shown in Fig. 73. 

Then area OP,P,-area OP,-P+area OFP^. 

I.e. \ r,n sin (f, -0^) = ^ rn sin (fl -6^) + ^ it^ sin {B^ - 6), 

or j-i^a sin {0^ - 6,) + nr sin (0 - 6^) + rr^ sin ($, ~$)^0. 

This equation holds for any- position of P on the line be- 
tween Pi and -Pj. If P be so taken that P^ lies between P and 
P„ tlie equation that holds can be obtained from the above 
equation by interchanging r 
and )-2, and and 0^. But this 
interchange only changes the 
' sign of the left member of the 
equation, and since the right 
member is zero, the equation it- 
self is unchanged. If P be so 
taken that P^ lies between Pand P^, it may be shown in the 
same way that the same equation holds. Hence the above 
equation holds for all points on the line, and clearly for no 
others, and is 'therefore the equation of the line. 




FiQ. 73. 
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The same equation may be derived at onoo by equating to 
zero the area of the triangle whose vertices are P, Pj, and P^, 
(See Art. 37.) 

(ii) Equation of a straig'ht line in terms of the length of tlie 
perpendicular from the origin to the line and the ang'le which 
this perpendicular makes with the initial line. 

Let the perpendicular from the origin to tlie line be of 
length p, and make an angle « with 
the initial line. Let P()-, 6) be a 
point on tlie line. Then (Fig. 74) 
r cos (« — d)=p. Since cob {— .^)- 
= eos j1, this may be written 

r<ios($-a)==p. ^"'^'"^^ 

The student should show that this equation holds for all 
points on the line. 

EXERCISE XXI 

1. Write the equation of the line through (2, 30") aJid (1, 60°). 

2. Draw the line whose equation is j- cos (S — 60") — 5. 

3. Draw the hne whose equation is r sin 9 = i. 

4. Find tlie intersection of the lines r cos S — S, and r sin ff — i. 

5. Find the int«t«eotion of the lines r cos [B - sin-i (1)] =3, and 
^oos[(»-cos-H^)] = 4. 

6. Derive the equation r cos(9— a) =;j5 hy substituting iu 

X cos It + y Biaa = j>, the values i = r cos P, y — r sin fl. 

7. Derive the equation of tie straight line through two points in polar 
coordinates by aubstitutiug in 

yz-yi Xs-Xi' 
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CHAPTER Vn 

STANDARD EQUATIONS OF SECOND DEGREE 

CIRCLE, PARABOLA, ELLIPSE, HYPERBOLA 

72. The circle. The equation of a circle of radius r and 
center at (7i, k) is 

Pkoof. Denote' the center by G. Let P(x, y) be any point 
on the civele. The condition that 
P is on the circle i 
by the equation 

^,__^ GP=T. 




In terms of the coordinates of the 
jjoints it becomes 

(x-hf^ijj-lcf = ^, 

which is therefore the equation of 

the circle, for it is an equation 

which ia satisfied by all points on 

the circle and by no others. 

If the center is at the origin, t:lie equation reduces to 

ay' + y'^T^. 

73. The equation ic^ + y^+I>ic4--Ey + F=0. (1) 

An equation of this form, by completing the square in the 
erms containing x and in those containing y, can be thrown 
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into the form of the equation of the preceding article as 
follows : 

Add ^ + ^-Fto both sides of eq. (1). The result is 
4 4 

x' + D^ + ^ + f + Sy + ^^^ + ^-F, 
4 4 4 4 

Now, if D^ + E'-i F is positiTe, eq. (2) is, by the preceding 
article, the equation of a circle with center at j — — , — -^ j ^^^ 

radius equal to ^y/D^ + E^ — iF. 

If i>=H-E^-4J'=0, eq. (2), and hence eq. (1), is satisfied 
hjx=-~-^,y— — -^ only ; for the sum of two terms, neither 
of which is negative, can vanish only when the terms vanish 



li D^ + E''-iF<0, eq. (2), and hence eq. (1), i 
by no real valnes of x and y : for the sum of two quantities, 
neither of which is negative, cannot equal a negative quantity. 

Hence the equation 

x^+ f+ Dx + Ey + F=- 
represents 

(1) a circle, center at f — _ ,— -. j, radius — \ ^ U^ + E'^ — A. F, 
if D'+S^-4i^>0, 

(2) apoint/'-:^,-^, if Z^ + i;^-47^=0, 

(3) no locus, if iJ= + £^ - 4 F < 0. 

74. The equation of a circle through three points. The 
equation of a circle through three given points, not in the 
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same straight line, can be found by use of the equation of the 
preceding article as is illustrated, by the following example : 

Example. To find the equation of a circle through (2, 1), 
(-1,3), and (-3, -4). 

The equation of the required circle is of the form 

^+f+Dx + ICy + F=0. (l) 

The coordinates of oaeh of the given points must satisfy this 
equation. Therefore 

5 + 2D+ E + F=(i, 

10- D + '6E + F = ii, 

25-3i>-4_E'4--f'=0. 

The values of D, E, and F, obtained by solving these equar 

tion, are -^ = -'/-> ^=h -P=~¥- 

Substituting these values in eq. (1) 
and clearing of fractions, the re- 
quired equation of the circle is 

Using the formulas of Art. 73, 
the center and radius of the circle 
are found to be (—1.3, —.7) and 
j-=3.71. . . . 

A check on the work is obtained 
^"^ '^^- by plotting the points and drawing 

the circle with center and radius as computed. (Eig. 76.) 

EXERCISE XXn 
rind the centers and radii of the circles represented by the following 
equations. Draw the figures. 

1. 3:2 + j,2_25. 2, 3f+y--'-4:X + li^ = 12. 

S. i^ + y^ + Sx — dy^O. 4. 2x'' + 2i/^~1y + 3x=^n. 

7. u' + u^ + w + w^o. a x'' + f-ix + 6y + U = 0. 



Y 




^'--^ 




/" rx 


X t 


r 




V ^^ 


^ ■ 
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9. x'' + i/^ — ix + &y—13 = 0. 10. K^- 2 a* + 2(2 = 0. 
11. aiS - 2 (KK + !;2 - 2 aj; = 0. 12. }fi + y'~ax- fiy = 0. 

"Find the equations of circles which, fulfill the following conditions : 

13. Center at (— 1, 3), radius = 3. 

14. Center at (a, 0), radius = a. 

16. Center at the intersection of!/ + 4a+l:=0and 2x-y + 5 = 0, 
and passing through (2, — 3), 

16. Center at (2, 5) and tangent to 3 x + 4 y = 11. 

17. Center on the line J/ = 2 a; and passing through (0, 5) and {(!, 1). 

18. Passiag through (0, 2), (— 1, 3), and (S, 0). 

19. Circumscribing the triangle whose sides are 5 j; + 3 ;/ — 14 = 0, 
4j; — 3»; + 5 = 0, and z + Sy+8 = 0. 

20. Inscribed in the triangle whose sides are 5x + lUy — 2 = 0, 
43; + 3g + 5 = 0, and 3x — iy—15 = 0. 

31. Tangent internally to the first two sides of the triangle mentioned 
in example 20, and tangent esternally to the other side. 

32. Prove that if Pi(xu yi) is any point without tho circle 

and Tm the point of contact of a tangent drawn from Pi to the circle, 
then, P^^ = (xi - hy + {y, - k'f - r'. 

23. Show that if the equation of the circle of example 22 is 
^^ + y' + I>x + Ey + F = 0, 
then, F|"T2 =. xi^ + yi^ + Dx, + Ey, + F. 



and x'' + f + D'iX + Eig + Fs=0, 

is the straight line 

(Oi - Z>3)^ + ( El - EO!/ + J", - i^i = 0, 
or, in case the circles intersect, is that portion of the line 
circles. 

This line is called the radical axis of the two circles. 

35. Show that if two cii'cles intersect, their radical axi 
their points of ir 
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26. Find the equations of the radical axes of tiie circles of examples 1, 2, 
and 3, and prove that they meet iu a point. 

27. Prove that the three radical axes of any three circles taken in 
pairs meet in a common point. 

28. Prove that the radical axis of two circles is perpendicular to their 
line o£ centers. 

75. The parabola. The parabola is the locus of a point 
which moves so as to keep equidistant from a fixed point and 
a fixed etraiglit line. 

The fixed point is called the focus, the fixed straight line the 
directrix, of the parabola. 

To obtain the equation of the parabola, let, at firat, the direc- 
trix be taken as the axis of y and the focus at the point {p, 0). 

Let P{x, y) be any point on the locus. Join P and F{p, 0), 
and draw MP parallel to the a^axis to meet the i/-axis in M. 
Then the condition that/* is the point on the locus is expressed 
by the equation 

FP==MP, if MP is positive, and by 
FP=^ - MP, it MP h negative. 



Evidently MP is positive or negative according as (p, 0) lies 
to the right or the left of the origin, i.e. according as p is posi- 
tive or negative. 

M"o-w FP^^ix—pf + y", 

and MP — x. 

V(.r-p)^+/ ^x,iip>0, (1) 

and V(^^pf+f = -x,iip<0. (2) 
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Squaring and transposing, eitter of these equatious becomes 

f='2,^-f. (3)* 

This equation may be written 

Let the axes be translated to f ^^ j as a new origin. The 
formulas of transformation are 

The equation of the parabola referred to the new axes is, 
therefore, 

i/'= = 2jw;'. (4) 

Dropping primes, 

y^ = %px (6) 

is therefore the equation of a parabola when the ^-axia is paral- 
lel to the directrix through a point halfway between the fof-us 
and directrix, the K-axis passes through the focus and is per- 
pendicular to tlie directrix, and the focus is at (^, j. 

It is important to note that in eq. (5) the abscissas of points 
on the parabola vary as the square of the ordinates. 

76. The graph of y^=32>ic. 
I. p positive. 

* Equation (S) is not equivalent to bott eqs. (1) and. (2), but only to 
(1) if ;> is positive, and to (2) It p is uegative. Tor on retracing the steps 
from (3) the eq. V(e— j))S-H^^ = ± a: is obtdned. Now the -i- sign can 
only be used wben k is positive, since the radical is counted positive. Bat 
if J) were negative whence is positive, tben V(3; — pf ■\- y^ would be greater 
than X. .'. wten x is positive, p is positive. Therefore the + sign of iC can 
be taken only when p is positive. Hence when p is positive, eq. (3) is 
satisfied by precisely the same points as eq. (1). 

In the same way it can be shown that eq. (8) is equivalent to eq. (2) 
wlienj) is negative. 
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(1) The curve ia symmetric with respect to the avaxis. 

(2) When 3! = 0, J/ = 0; when y~0,x — 0. Tlie curve there- 
fore meets the axes at (0, 0) ouly. 

(3) All negative values of x make y imaginary. The curve, 
therefore, lies to the right of the y-axis. 

(4) Ko finite value of either variable makes the other infinite. 

(5) As X increases, the positive value of y increases, a small 
change in x making a small change in y. 

(6) When x becomes infinite, y also becomes infinite. 

The upper half of the curve may, therefore, be generated by 
a point which, starting at (0, 0), moves ever to the right and 
upward, receding indefinitely from both axes. 

Tlie following points are on the curve ; 



c 



8 



3p 



ip &p 5Qp 200p, 



y ±-^ ±p ±pV2 ±2p ±pVG ±2pV'2 ±4.p ±10p ±20p. 
The curve is shown in Fig. 78 for a certain value of p. 




II. p negative. This case differs from that in which p is 
positive only in making the curve lio to the left of the i/-axis 
instead of the right. The curve is shown in Tig. 78, the values 
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of p for the two curves being numerically equal, but opposite 



77. Axis of a parabola. Vertex. The straight line through 
the focus perpendicular to the directrix is called the axis of the 
parabola. 

The point where the parabola crosses 1% axis is called the 
vertex. 

In both cases of Fig. 78 the avaxis is the axis of the parabola, 
and the vertex is at the origin. 

78. Parabola with axis on the y-axis and vertex at the origin. 
If tlie vertex is at the origin and the focus at [0, ^], the equa- 
tion can evidently be obtained from that of Art. 76 by ex- 
changing X and y. The equation is therefore 

The two cases are shown in Fig. 79. 





p positive. 3;^ = 2py. ;i negative. 

Fin. 7n. 

79. The arbitrary constant of the parabola. 
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Dbfistition. a constant which may have any value io an 
equation is called an arbitrary constant, or a parameter, of the 
equation. 

In the equation of the parabola, t/ = 2px, since p may have 
any real value, it is an arbitrary constant of the equation. 

Corresponding to each value of p there is a definite curve. 

The curves which correspond to a few different values of p 
are sketched in Fig. 80. 



\J ' V-- » ly U ^ 


^ ; i <: ■ 


V 1 A^i 1 


fVT /--^i" 


^ // ^ 


\yfe ^ ^ 


' // 


': ,. .ft — „ 


P = ) -H- ■ P . X 






- -J\ 




' /-- V~^ 


/ / ^~"-, 


-/ L ^ -^ 


'/^"^ s '-^ 


:z -'2 IS 



80. The equations 

Cy= + JJic + Ey + J-^O, C^t>, D^Q. 

Equations of these forms can by a translation of axes be 
thrown into the forms a? = 2py 
and ■f=!%px 

respectively. The equations therefore represent parabolas 
with their axes parallel respectively to the y-axis and the 
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A nunierical example will make tliis clear. 

Example. 3K= + 2a: + 5iv-4 = 0. 

Complete the square in the terms containing x, and ti-ans- 
pose the other terms to the other side of the equation : 

S(a^ + f3; + i) = -5;/ + 4 + i = -5»/ + -VS 
(_x + ^f = -Uv-H)- 
Translate the axes to {— |, -^f) as a new origin by means of 
the equations 

x^x'-l, 1/ = !/' + 1 1. 
The transformed equation is 



This is the equation of a pai-abola with axis on the new y-a; 
vertex at the origin, and focus at (0, —4) referred to the n 



to the old axes, the vertex is (— \, f ^), the focus it 
.jLj), and the equation of the axis of the ] 



81. The equation y = a'jv^ + bse + c. 

This equation represents a parabola with its axis parallel to 
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f, it may be written 



and this equation becomes 



which is the equation of a parabola with axis on the new y-axis 
and Yertex at the new origin. Hence, referred to the old axes 

the vertex is at f — — , ^ ], and the axis of the pa- 
rabola ie parallel to the (/-axis. 

The parabola extends upward or downward from the vertex 
according as a is positive or negative. The sign of b' — iac 
determines whether or not the curve crosses the ir-axis. 

Let the student show that the conditions are as stated in 




a positive 
(1) b^-4ac>0. (2) ¥ 
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83. The parabolic arch. An ajch of height k and span 2 1 
is ill the form of a parabola with vertex at the crown. It is 
desirable to compute readily the heights of the arch at vary- 
ing distances from the center of the span. 

Choose the ases as in Fig. 83, counting ^ as positive down- 






Y 




-H X 


/f 




" 


K 


/ 











ward. Since in a parabola, and ■with this choice of axes, the 
ordinate varies as the square of the abscissa, therefore 



This form of the equation enables one to compute readily 
the heights at varying distances from the center. 

E.g. the heights at distances from the center of -, -, and 



EXERCISE xxnr 



Plot the following parabolas, finding the Ti 
tlie equation to the standaid form. In oaoh 
the discriminant, h^ — iac. 

1. y = 2x^-Sx + b. 2, y=-Sx-' + ix 

3. y = afi-yix + i. 4. 5y-^x'' + ix- 



of each and reducing 
compute the value o( 
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7. Discuss the effect upon the position and form of the curve caused 
by separalely varying the quantities o, 6, and c in the equation 

8. Dianuas the equation x = ay^ + by -i- c. (Compare Art. 81.) 

9. A parabolic arch of 60 ft. span is 20 ft. high at the center. Com- 
pute the heiglrts at intervals of 5 ft. from the center. 

10. Through how many arbitrarily assigned points can a parabola 
with axis parallel to one of the coordinate axes be passed in general ? 
Name some exceptions. 

Find the equation of a parabola with, axis parallel to the y-asis throiigh 
the three points (1, 0), (3, 2), and (6, 8). Draw the figure, 

11. Find the equation of a parabola through the three points of 
example 10 with axis parallel to the 3;-axis. 

12. Find the equation of a parabola through the points (— ft, yi), 
(0, ys), and (ft, ys) with axis parallel to the j-axis. 

13. Find the equation of a parabola through (1, 0), (3, 2), and (0, 5). 

14. Find the equation of a parabola with axis parallel to the jy-axis 
passing through (—20, 0), (0,^), and (20, 0). 

Can a parabola with axis parallel to the ai-axis be passed through these 



15. Show that aJiy line parallel b 
parabola in one and only one point. 



83. The ellipse. 
II tlie plai 



the a 



s of a paraliola c 



* the 




the locus of a point which 
its distances from two 
fixed points in the plane is 
constant. 

Thefixedpoints are called 
the foci. 

To obtain the equation 
of the ellipse, let the ai-axis 
be taken thi-ough the foci, 
and the origin midway be- 
tween the foci. Let the 
distance between the foci 
he 2 c. The foci are then 
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Call the given constant 2 a, where 2 a > 2 c. 
Let P(x, y) be any point of tlie ellipse ; then 

JPP+J7"i»=2a. 
Ill terms of the eo6rdinates of the points, this becomes 



-^{x-cy + f+^{x + cf + f^2a. (1) 

This is therefore the eqnation of the ellipse. 

Equation (1) can be thrown into a more convenient form 
free from radicals as follows : Transpose the second radical to 
the right-hand member of the equation and square, 



^^2cx+(^+f=ia?-4.a'^{x+<if+f-^x'+2c-x+c' + y\ 


w 


Canceling, transposing, and dividing by 4, 




cx + a' = a-s/{x + ef-\-yK 
Squaring, 

(?x^ + 2 n^ttB + a" = flV + 2a^(xe + aV + ah/. 


(3) 


Canceling and collecting terms, 




(a?-c'y.^ + a^y = a\o?-^. 


(6) 


Dividing by a*(a^ — c=). 




^:+-=^. 1. 


(6) 



All values of x and y that satisfy eq. (1) also satisfy eq. (6), 
but in obtaining (6) from (1) the operation of squaring was 
twice performed, and in this process there are introduced 
values of x and y which satisfy eq. (6) but do not satisfy 
eq. (1). However, the values so introduced in this case are 
imaginary, and hence there are no points on the locus of 
eq. (6) that are not aiso on the locus of eg. (1). For, start- 
ing with eq. (6), the steps may be retraced until eq, (4) is 
reached, where, upon extracting the square root, a double 
sign is introduced, i.e. 

or -cx = d'i^a-^(x + cy + y\ (S') 
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Multiply by 4 and add (x + cf + y' to both sides, 
3?-^2ex-\-c^ + y''-4.ex = ^ce^l a-^{x + cf + f + {x + cf + y\ 

Extract the square root, 



■±V{x-cy + f = 2aTVJx + cf+f, 
or ±V{x-Gy + y'± -Vix + cf + jy^ = 2 «. (1') 

Therefore, if (a:, y) is denoted by P, 

±PF±PF' = 2a. 

How 2 a is a positive quantity ; hence both negative signs 
cannot be used. Also FF' =2c. The difference of PF' and 
PF is therefore less than 2 c. (Fig. 8i.) That differeuce can- 
not therefore be equal to 2 a, which is greater than 2 c. Hence 
the only allowable combination of signs for real values of x 
and y is given in 

4- PF-{- PF' ^2 a. 

Therefore all real values of x and y that satisfy eq. (6) also 
satisfy eq. (1). Hence eq. (6) is the equation of the ellipse, 

Eeplaeing the positive quantity o^ — i? in eq. (6) by 6^ the 
equation becomes 



84. Graph of — „ + ?^ = 1. 

a? W 

Solving f or ?/, y~±- -yjd? — ^. 

Solving for x, x~±- ■yjh^ — 'f. 

(1) The curfe is symmetric with respect to both coordinate 
axes, and the origin. 

(2) It crosses the avaxia at {a, 0) and (— a, 0) and the y-axis 
at (0, 6) and (0, - 6). 
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(3) If X is less than — a or greater than o, y is imaginary. 
If y is less than — 6 or greater than h, x is imaginary. There- 
fore no portion of the locus lies to the left of a; = — a or to the 
right of a; = a ; below y = — b, or above y = b. 

(4) No finite value of either variable makes the other 
infinite. 

(5) In the first quadrant, as x increases from to a, y 
steadily decreases from.i* to 0. 

(6) By (3) neither variable can become infinite. 
The following points are on the curve, 

X "^ « 3a — "'■ 



10 



y b .97 6 .87 b .66 b .48 b 
The curve is sketched in Fig. 86. 











y 








■^ 


— 


B 






/ 






— " A 


X 




v^' 







F y 






V 


^ 


-- 


B' 





85. Axes, vertices, center of the ellipse. 

Definitions. The chord of the ellipse which passes through 
the foci is called the major axis of the ellipse; the chord at right 
angles to the major asis and passing through its center, the 
minor axis; their intersection the center; and the ends of the 
major axis the vertices of the ellipse. 

Thus in Fig. 85, ^'.d = 2aisthe major axis, i8'B==2& is the 
minor axis, is the center, A{a, 0) and A'(—a, 0) are the 
vertices. 
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111 terms uf a and b the foci ai'e F(y/u' — tt\ 0) and 
if"(_Vi?^^^ 0), 
since b^ = ci' — t^ or c — Va^ — b". 

86. The ellipse with major axis on the y-axis. In Art. 83 
the equation ^ + ^ = 1 was found for tlie ellipse witli center 

at the origin and with major axis 2a on the a^axi3. If the 
major axis 2 a were taken on the y-axis, the equation would 
cleaj^ly be obtained from that above by exchanging x and y. 
It is therefore, 

^ -I — = 1, where the maior axis is 2 a. 

If, however, the inajoi' axis is called 2 b and the minor axis 
2 a, the equation becomes the same as that of Art. 83; namely. 



This equation therefore represents z 
Lxis on the a>axis or the j/-axis atieordir 



ellipse with major 
as a is greater than 
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or less than b. In the latter case the I'oei are (0, ■Vb' — a') 
and (0, - VS'-a'). 

87. The hyperbola. An hyperbola is the locus of a point 
which moves in the plane so that the difference of its distances 
from two fixed points of the plane is constant. 

To find the equation of the liyperbola, as in Art. 83, let the 
iixed points be F(c, 0) aiid F' {— c, 0), and let the constant be 
2 a. Here, however, 2 a < 2 c, since the difference between two 
sides of a triangle is less than the other side. 

Let P(x, y) be any point of the locus, then (Fig. 87) either 
FP-F'P=2a or F'P-FP = 2a, 
according as P is nearer to F' or F. 

FP-F'P=±2a. 



1 ^^,,.-'-^ 


Y 


X 


F'C-c^,'^) 


^(s. 


) 



(1) 



a terms of the coordinates, this equatioi 
V(«-c)" + s'-V(« + c)' + /=±2o. 
This is therefore the equation of the hyperbola. 

It is more convenient to have the equation free from radicals. 
Transposing the second term and squaring, 
^_2 cx+c?+y''=3^+2 cx+<?^f±i aV(x+cy+f+4 <>?. (2) 
Canceling, transposing, and dividing by 4, 

- («c + a?) = ± f< ^{x+cf + f. (3) 
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Squaring, 

^^^2 ahx + a^ = aV + 2 ahx + a'c= + aV- (+) 

Canceling and oolleotiiig terms. 

Dividing by a'(c^— a^, 

This is precisely the same form as eq. (6) in Art. 83, the only 
difference being that here c^^a' la positive, whereas there it 
was negative. 

Every point whose cofirdinatea satisfy eq. (1) also satisfy 
eq. (6). That conversely all points which satisfy eq. (6) also 
satisfy eq. (1) may be shown as in Art. 83. The steps by 
which (6) was obtained from (1) can be retraced, but a donble 
sign must be used when the square root is extracted. Hence, 
given eq. (6), there follows 

± ^(x-cf + f ± V(S +^^+? = ± 2 «. (1 ') 

If P(x, y) is any point on the locus of this equation, then 

±FP±F'P=±2a. 

The same sign cannot be used throughout, since the sum of 
two sides of a triangle is greater than the third side, and 
2a<2c. 

The same signs for the terms on the left and the opposite 
sign on the right cannot be used, since the sum of two positive 
quantities is positive. 

Hence the only combinations of signs left is that where the 
signs of the terms on the left are different, which is equivalent 
to 

FP-F'P=±2a. 
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Therefore eq. (6) is satisfied by only those points which 
satisfy eq. (1). Equation (6) is therefore the equation of the 
hyperbola. 

Letting the positive quantity 6^—0? = t^, eq. (6) becomes 

of y^ _ , 



88. Graph of ^^-^-^x. 

Solving for y, y= ± -V^— a?. 

Solving f or D!, ^ = ± 7 Vy^ + b^- 

(1) The curve is symmetric with respect to both coordinate 
axes and the origin. 

(2) It intersects the a;-axis at (a, 0) and (— a, 0), but does 
not intersect the j/-axis. 

(3) If X lies between — a and a, y is imaginary. All values 
of y make x real, 

(4) No finite value of either variable makes the other 
infinite. 

(5) In the first quadrant as x, starting at a, increases, y, 
starting at 0, steadily increases. 

(6) As tl U becomes infinite, so does the other. 
The pa t f tl that lies in the first quadrant may 

therefore be n t 1 ly a point which, starting at {a, 0), 
moves to the 1 1 a 1 upward, receding indefinitely from 
both axes 

The foil w g p t e on the curve : 

a: a ^ 2 a 3 a 4 a 10 a 100 a, 

y 1.1 6 1.7 6 2,8 h 3.9 b 9.95 b 99.99 b. 
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The curve is shown ia Fig. 88. 

The foci are (Va' + 6^ 0) and {--Vif+V, 0). 




89- Tlie asymptotes of the hyperbola. By observing the 
table of Ysdues of x and 'y in the preceding article, it may be 
seen that the ratio of x to y comes nearer and nearer to - as 
X increases. 

Consider then the locus of the equation - = - , or 



The locns of this equation is a straight line with slope - and 

_!y-iiitercept (Art. 53); i.e. it is a straight line through the 
origin and (a, b). 

Let yi and y^ denote the ordinates of the points on the line 
and the hyperbola respectively, in the first quadrant, for tlie 
same value of x. Eorm the difference 
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which may be "written 

_ b(x^-x' + a') ab 



from which it is evident that, in the first quadrant, yi — y^ is 
positive, decreases as x increases, and approaches the limiting 
value as 3! becomes infinite. The curve therefore comes 
ever nearer t.o the straight line as x increases, and approaches 
indefinitely near as as becomes infinite. 

The line y = - sc is therefore an asymptote of the curve. 

Prom symmetry the same line is an asymptote in the third 
quadrant, and y = — — x is an asymptote in the second and 

fourth quadrants. 

The asymptotes are shown in Fig. 88. 

In plotting the hyperbola it is well to draw the asymptotes 
first. They will serve aa an aid in sketching the curve when 
a very few points have been located. 

90. Axes, vertices, center, of the hyperbola. 
Defisitions. The points of intersection of the hyperbola 

and the line througli the foci are called the vertices of the 
hyperbola; the line joining the vertices the transverse axis; 
the middle point of this line the center of the hyperbola ; and 
the line through the center perpendicular to the transverse 
axis, of length 2V<? —a^, the conjugate axis. 

Thus in Fig. 88, A and A' are the vertices, A'A=2 a is the 
transverse axis, the origin is the center, and B'B =2 h is the 
conjugate axis. 

91. The conjugate hyperbola. The equation of an hyper- 
bola with foci on the ?/-axis at the points (0, Vffl' + &^ and 
(0, — Va^+6^) and transverse axis 2 a is obtained from the 
equation of Art. 87 by interchanging x and y. The equation 
is therefore ^ _ ^ := i 
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2 b and the conjugate 



If, however, the transverse 
asis 2 a, the equation is ^ = 1, or 

^^ -t^^ — 1 

This hyperbola is eaJled the oonjugate of — — ^ = 1 . 
It is easily shown that the conjugate hyperbola also has the 
lines y=— and y= ^ f or asymptotes. The proof is left 



aiS an exercise. 

The curve is shown in Fig. 89 together with the hyperbola 




Since the equatio 
the one equation — 



j of the asymptotes can be combined into 
- ^ = 0, therefore the three equations 
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1 liyperbola, the conjugate hyperbola. 



represent respectively t 
and the asymptotes, 

92. The equilateral hyperbola. If 6 = a, the hyperbola is 
called the equilateral, or rectangular, hyperbola. 
The equation is 



The asymptotes are y = x and y—~x, and are therefore 
at right angles to each other. 

93. The equilateral hyperbola referred to its aBymptotes as 
axes. In the equation of the equilateral hyperbola of the pre- 
ceding article, let the axes be rotated through an angle of 
— i5°. The asymptotes then become the axes. The formulas 
of transformation are 

a; = m' cos ( — 45°) — y' sin ( — 45°), 
y = x' sia{ — 45°) + y' cos (— 45°), 



=(»''+y). 
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Substituting these values of x and ij in the equation of the 
,1 hyperbola 



there results 

or, dropping primes, ^y ~ 

This is, therefore, the equation of the equilateral hyperbola 
referred to the asymptotes as axes. 

From the above it follows that if two variables change in 
such a way that their product remains constant, the curve 
which represents the equation connecting them in rectangular 
cofirdinatea is an equilateral hyperbola. E.g. the equation 
jDV = C is represented by an equilateral hyperbola. 

91 The equation Aa?-^r €»"" + Dx-V Ey ^W^^ ^^0, 

An equation of this form can, by a translation of axes, be 
transformed into one in which the terms of the first degree 
are lacking. For, completing the squares in the terms con- 
taining X and in those containing y, the equation becomes 

Letting.^.'-^^,, = ,'-^^,and^^ + A;-i<'^i.', 

the equation becomes 

Ax'' + Oy" = F'. 

The locus of this equation depends upon the values of A, C, 
and F'. 

Suppose I. F' = 0. 

(1) Then, if A and C are of the same sign, no real values of 
x' and y' except (0, 0) will satisfy the equation. Hence the 
loeus is a point. 
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(2). If A and C are opposite in sign, Ax'^ + Cy'^ = can be 
factored into two factors of first degree in x' and y', and there- 
fore the locus is two intersecting stra,ight lines. 

n. ^ ^ 0. Divide by F', 



A 

(1) If _ and — are both positive, the loons is an ellipse. 
(A circle if ^=C.) 

(2) If — and _ are both negative, no real values of a;' and 
y' satisfy the equation. Hence there is no locus. 

(3) If -— and -- are opposite in sign, the locus is an hyper- 
bola. 

95. Illustrations. 

Example 1. 3x'^-if-7a:+5y + 2 = 0. 
This may be written 



V 3 36j [f 4 ^64.) 12 16 ' 



_5j, 25Y 
4 64 

3«,'-4s"=f|, 



This is the equation of an liyperbola with center at the new 
origin, transverse axis on the new ie-axis, with a=-^, b = — ^-- 
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deferred to the old axes the center is at (J, |). (See Kg. 91.) 




Fiu. ill. 
Example 2. ^-9 if + 7 x + 9 ij + 10 = 0. 
This may be written 

:^ + 7x + ii--Q(f~y + i) = -^£--i-10, 
or (^ + ^f-9(^-^y^o. 

Let 3; = ie'-f, y = y4-|. 

Thea, x'^-9y''=0, 

which may be written 

This equation is satisfied by all values of x' and y' that 
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make either x' — St/' = 0, or x' + 3y' = 0, and by no other values. 
The locus is therefore two straight lines through the new origin, 
with slopes J and — ^ respectively. 

Keferred to the old axes the point of intersection of the 
lines is (- |, ^). 

96. The equation^3:^ + B3;i/+C^/ + Z)3; + ^j/ + F=0. An 
equation of this form can by a rotation of axes be reduced to 
one in which the term in a>y is lacking. (Compare Art. 64, 
example 3.) The resulting equation can then be treated as in 
the preceding ai-ticle. 

Usually, where the xy-term and terms of the first degree 
appear in the equation, it is easier to first remove the terms of 
first degree by a translation oE axes, and then remove the term 
in 3^ by a rotation of axes. It is not, however, always possible 
to remove the terms of first degree. 

EXERCISE XXIV 
Reduce, where possible, the following equations to a standard form of 
this chapter. Determine the axes, position of centers, vertices, and foci 
of ellipses and hyperbolas ; asymptotes of hyperholas ; and foci, vertices, 
and directrices of parabolas. Sketch the cnrvea. 



1. x''-&x-iy + l =0. 



3. 


Ox^-y^ + mx + 2y + S5 = Q. 




4. 


16^:2 _j^_80*-6!) + 75 = 0. 




6. 


3!^ + y^ + 6x + ly-S = 0. 7. 


33;a + 4a;-si + T = l 


6. 


5x'^-4y^ + 10x-lQy = 0. 8. 


29x^ + lQxy + ily-' 


9. 


31 K^ + 62 Vi Kj) - 6R y3 _ 324 = 0. 




10. 


W!^-2ixy + 9y<'-lS0x+10y- 


-75 = 0. 


11. 


xy = 8. la. 


xy-'j^ = 5. 


13. 


iiz^-ixy + 6y'' + 5x-~8y = 0. 




14. 


Uifi + 4:5xy-liy^-12x + lly- 


•2 = 0. 


15. 


xy + 2x + y + l=0. 





y Google 



116 ANALYTIC GEOMETRY 

16. Prove that the equation of a parabola with vertex at {h, J:) and 
axis parallel to the a^-asis is 

(y-ky = 2p(x-h). 

What is tlie equation if the vertex is at (A, k) and tlie axis is parallel 
to the (/-axis ? 

IT, Prove that the equations of an ellipse and an hyperbola with center 
at (A, k) and axes parallel to the eoiirdinate axes are, respectively, 

and (^^^(y^^i. 

18. What are tlie equations of the asymptotes of the hyperbola in 
example 17 ? 

19. Prove that a;^ = aa; + 6;/ + c is the equation of an equilateral hyper- 
bola with asymptotes parallel to the coQrdinate axes, if — c ^ nfi. By a 
translation of axes rediice the equation to the form xy — k. 

20. What are the equations of the asymptotes of the hyperbola in 
example 19 ? 

31. Prove that y = '"'"'" ■ is tie equation of an equilateral hyperbola, 

it ad ^ be, and tliat the asymptotes are x — — , y = -- 

22. In the equation of example 21 let a — 1, & = 2, iJ = 3, and plot the 
curves for the following valaes of c: c — 2, 1,6, 1,4, 1, .1, Show that these 
curves all pass through the same two points on the axes. 

If c be allowed to approach the limiting value 0, what limiting form 
does the hyperbola approach ? What limiting form if c approaches f ? 

23, An hyperbola has the lines i = 2 and y — iss asymptotes'. It 
passes through the point (4, 2). Find its equation. 
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CHAPTER VIII 

GRAPHS OF TRIGONOMETRIC, EXPONENTIAL AND LOGA- 
RITHMIC FUNCTIONS. GRAPHS IN POLAR COORDI- 
NATES 

97. Tlie sine curve. Consider the graph of the equation 
y = sin X. 

Let * Tae the radian measure of an angle. Let x and y be 
taken as rectangular coordinates of points in the plane, the 
abscissa of any snch point being the number of radians in 
the angle, and the ordinate being the sine of that angle. 
The following properties of the locus follow from the prop- 
erties of the sine of the angle. 

1. The locus is not symmetric with respect to either asis, 
but is symmetric with respect to the origin, since 

2. The locus cuts the x-axis where 3! = 0, *, 2Tr, ■■■; — ir, 
— 2 IT, -■■, i.e. where x = k'ir, k being any positive or negative 
integer, or zero. It crosses the ^/-axis only at the origin. 

3. All real values of x make y real. All real values of y 
between and including — 1 and 1 make x real ; all other values 
of y make x imaginary. 

4. No finite values of either variable makes the other 
infinite. 

5. As X increases from to ^, y increases from to 1, 

Aa X increases from - to tt, y decreases from 1 to 0, 
As X increases from ir to ~, y decreases from to — 1, 
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Aaa 



from -^ %o 2 TT, y increases fro 



j X increases from 2 tt to 4 jt, ^ takes in succession the 
t of values that it takea when x increases from to 2 x. 
I, since sin (J: + 2 kir) = sin A, where k is any positive 
or negative integer, it follows that if a; is increased or de- 
creased by any whole multiple of 2jr, sina, or y, is unchanged. 
Hence if the curve be plotted through an interval of length 
2 ^ on the cc-axis, other portions of the curve may be obtained 
from this portion by moving it to the right or left through the 
distance 2 jt, 4 jt, 6 tt, etc. 

A few corresponding values are shown for w ranging from 
to ir, and the curve is drawn to pass through the points so 
determined. For x ranging from ir to 2 ir the values of y are 
those given below changed in sign. (Fig. 93.) 







2 




Periodic functions. A periodic function of a variable is 
a function whose value, for any value of the variable, is not 
changed by increasing the variable by a definite constant 
quantity. The least positive constant quantity by which the 
variable can be increased without changing the value of the 
function is called the period of the function. 
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Tims sin a; is a periodic function of a;, since ain(x+2TT)=:sin.a!. 
Since 2 ?r is the least positive constant value by which, x may 
be increased without changing the sine, 2jr is the period of 
sin a:. 

Again, tan Sis aperiodic function of S, since tan{^4-x)=tanfl. 
The period is x. 

Also cos((M! + 6) is a periodic function of x with the period 

— , since increasing a; by — increases ax+b by 2 tt, and this 
leaves the cosine unchanged. 

99. Graph of j/ = siii(a:; + a). Let K' = ic + a, or x^x' — a. 
This change of variable means geometrically a translation of 
axes to the new origin (— ffl, 0). The equation referred to the 
new axes is y' = sin x'. Figure 94 shows the curve and how it 
is located with respect to the axes. 




Fiu. Ji. 



100. Graph of ;/ = sin nx, where n is positiTC. Let x' = nx, 
or a; = — ■ The equation then becomes y = 3inx', the locus of 
which is shown in Eig. 93. Now the substitution of x = — can 

be interpreted as shortening the abscissas of all points in the 
ratio 1 : n without changing the ordinates. If, then, the curve 
y = sin iB be drawn, the curve j/ = sin m* can be obtained from it 
by shortening tlie abscissas of all points on the curve i/ = sin x 
in the ratio 1 ; n. This is equivalent to compressing uniformly 
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ill the direction of the avasis any portion of the curve 1/= sin* 
which begins at the origin into - of its original space, the end 
of the curve at the origin to remain at the origin. 

It is also equiyalent to choosing a nnit on tlie fc-asis equal to 

- of the unit on the y-a.xis and then plotting the curve y = sin x. 
If n is less than 1, the contraction of the cnrvo becomes in 

fact an expansion. 

Graphs of y = »inSx and of y = siiif— -jare shown in 

Eig. 95, together with y = sin a. ^ '' 



)4' =V^^-^H^t4t 


>"<-^mii 


B*"*^''' "'' 




St 


- - X 


"-^'XTft 


'/-' 




l:.'±" 



Fiu. m. 

101. Graph of 4/ = sin («» + ■*«.). Letting x^a;' — — , the 
equation becomes ^ = sin nx'. Hence translate the a^es to the 
new origin I , ] and construct tlie curve ;/ = sin wa;. Com- 
pare Arts. 99 and 100. 

Figure 96 shows the locus of y = sin{nx + 'i>i) f or ji = 2, 



m 


4:^^|4|li^^W INK 


■f 


he/ Al '*//\ 


■ 


:|lll,\''/|-U 


: : ^S 1 n-ln , 1 , , 1 , ' ■ 
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102. Graph of y^psminx + m). The graph of this 
equation can be obtained by maltiplying each ordinate of 
y = sin (nx + m) by p. The curve is shown in Fig. 97 for p and 
w both positive. 




103. The exponential curve, y = a", where a is positive. 
(Only positive values of y are considered.) 

(1) The locus is not symmetric with respect to either coordi- 
nate axis or tlie origin. 

(2) It intersects the j/-axis at (0, 1), bnt does not meet the 
fi^-axis. 

(3) For every real value of x there is one real and positive 
value of y. Only this valne is considered. 

(4) No finite value of x mates y infinite. 

(6) If a < 1, ^ approaches zero as aibecomes infinite positively. 
If a > 1, ^ approaches zero as x becomes infinite negatively. 
(6) If a > 1, y increases always as x increases. 

Jl a <, 1, p decreases always as x increases. 

If a = 1, the curve becomes the straight line y = l. 
Figure 98 shows a few curves whose equations are of the 
form y~ a", for certain values of «. 

Values of y may be computed by logarithms. 
Kg. a a = e = 2.718 ■■■* 

= 2.71838 .- is denoted 
is of much importance 
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then logic ?/ = Klogi„2.71S ■'■ 

= .4343 X. 
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The following points are on the eui've y = e', 

3;_5_3_2-10 1 2 3 6, 
y .007 .05 .14 .37 1 2.7 7.4 20 148. 

After a few points on the curve have been obtained, other 
points are easily found by noticing that when x is doubled, 
y is squared ; when x is tripled, y is cubed ; etc. This follows 
at once from the law of exponents, a"^ = ((f-')"- 

104. The logarithmic enrve, y = lQg,x. This curve is the 
same as that of y^a' with at and y interchanged. The cni'ves 
for y = login ^ 3,iid y = log^ x are shown in Fig. 99. 
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Since logj Lts^log, a; 
been constructed for 
any value of a, the 
curve y = log^ x can 
be easily obtained from 
it by multiplying al! 
the ordinates of the 
first curve by log^ a. 

E.g. the ordinates of 
2/ = log,!C are 2.3026 
times the correspond- 
ing ordinatea oi y = 



log, 10: 




2.3026. 



105. Graph of y = e~°', where e = 2.718 ■■■ and n is positive. 
Since e"' = (e~'y = 
l—j, this curve is of the 

same form aa j = «o 
where «„ is less than 1. 
The curve ia therefore 
as shovirn in. Fig, 100. 
(Compare Act. 103.) 

The rapidity with 
which the curve falls 
as the tracing point 
moves from left to right 
depends upon the value 
of a. 



106. Graph of 
jr = be-" sin (nx + m). 



Y 








t^i 


I 


^ 






0- 


\t 


J- 






\ 




^ 




~'~ — x 


S 





This graph is easily ob- 
tained by plotting sep- 
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arately the graphs of J/ = e"" and y=bsin (nx + m) and multi- 
plying together the corresponding ordinates. The form of the 
curre is shown in Tig, 101. This is an important curve in the 
theory of alternating currents. 




EXERCISE XXV 
Plot the following curves. (The letters i, g, t, are variahles.) 



, (Divide ordinates of sina ciure by those of c( 
(Obtain from sine curve.) 



^-z- <^^ 
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10. y = Bin<i3m-l). IL y^aos(x + a). 

12. !/ = cos(n«). 13. y=cos(M + m). 

14. Show that the graph oi y = cos x is the same as the grapli of 
y = silix moyed parallel to the ic-axis the distance — in the negative 
direction. 

15. By what change in position can the graph of y = cot x be ma<ie to 
coincide wilh the graph oty = tan x ? 

16. i = 6e-". 

17. i= b(l — c"). (Combine the graphs o! i — b and i — be-"'.') 

18. i=bte-'*. 19. 9 = 6 + c(l + JrOe-"'. 
20. g = asinni + 6 9in3it;, 21. !)=j; + sini. 



K + 



107. Plotting in polar coordinates. The methods used in 
plotting a curve in polar coordinates do not differ essentially from 
those used in plotting curves in rectangular coordinates. The 
difference comes mainly iu the manner of locating the points. 
The following examples will snfficiently illustrate the methods. 

Example 1. To plot in polar coSrdinates the curve whose 
equation is r = a Cos $. 

The following pairs of values of r and d Eiay be at once 
written, using approximate values of r: 

e 0° 30° 45° 60° 90" 120° 135" 160° 180° 
r a .87a .71 o .5 a -.5a -.71a -.87a -a 
e 210° 225° 240° 270° 300° 315° 330° 360° 

r -.87« -.71 a -.5 a .5 a .71a .87 a a 
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An examination of the variation in )■ as S increases from 
to 360° allows tliat as B increases from to 90°, r decreases 
from a to ; a.a 6 increases from 90° to 180°, r is negative and 
decreases from to— o, the point (r, ff) tracing out apart of the 
curve in the fourth quadrant ; as 6 increases from 180° to 270°, 
r remains negative and increases from— a to 0, the point (r, 6) 
tracing over again the part of the curve already traced in the 
first quadrant; as 6 increases from 270° to 360°, r increases 
from to a, the point 
ff) tracing over again 
the part of the curve 
already traced in the 
fourth quadrant. 

If 8 is allowed to 

uicrease beyond 360° or 

to take negative values, 

cos takes on the 

1- = a cos 9. same series of values 

FiQ. 102. already obtained, since 

cos (fl ± 360°) = cos 6, and no new points are obtained. The 

curve is therefore as represented in Fig. 102. 

The curve appears to be a circle. That it is so in fact may 
be proved as follows: Take any point P(r, ff) on the curve; 

then r = a cos fl or cos ^ = -' Therefore /i OPA must be a 

right angle. Therefore the curve is a circle. 

Example 3. To plot in polar coordinates the curve whose 
equation is r'= «' cos 3 ff. 

For every value of 6 which makes cos 3fl positive there are 
two values of r which differ only in sign, and for every value 
of 6 which makes cos 3 6 negative the values of r are imaginary. 
In order then for )■ to be real, 3 6 must be an angle in the first 
or fourth quadrant. 

Let the positive value of r be taken for discussion first. 
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The followiiig table shows the changes that take place in )■ as 
6 increases from to 2 ir. 



6 ' 


4ir 

8 


3 


2 


¥••'-1^ 


f' 


045r 


4irt 


Htt 

3 


97r^. llff 

2 2 


Ot 


Off 


al 


oU 


imag. 



The second column is to be re8,d, as 8 increases from to ^, 3 

6 

increases from to -, and hence r decreases from a to 0, and 

similarly for the other colnmns. 

A few intermediate Tallies of r and 6, computed from a table of 
natural cosines, are shown for values of 6 ranging from to -■ 
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5° 10° 15° 20° 25" 30" 

r .98 a .93 a .84 a .71a .51a 

Since cos 3 B tabes the same values, either in the same order 

or in the reverse order, when 6 increases tlirough the other 

intervals for which r is real as it does when 6 increases from 

to — , the values of r are the same in those intervals as in the 

6' 
first. 

The curve is shown in Fig, 103. The dotted portion is the 
part corresponding to the negative values of r. 

If S is allowed to increase beyond 2 jr, or to take negative 
values, cos 3 takes the same set of values over again, and the 
same points of the curve are again obtained. 

EXERCISE XXVI 
Plot the MlowiDg curves in polar ooOrdinatea. 
1. r = a sin e. (Prove it is a circle.) 8. r = 9. 

5. r = atana. i. r = 2d. 5. r = acos28. 

6. r cos » — a. (Prove it is a straight line.) 

7. rumS — a. (Prove it is a straight line.) 

8. r e = 0. (Called hyperbolic spiral.) 

9. r = o e. (Called logarithmic spiral.) 

10. r = a(l-cosS). (The oardtoid.) 

11. r = a(l + cosfl). (The cardtoid.) 



l^i. 


*■ (i ~ cos e) 


(1 rove it IS a 


I paranoia ny traiisio 


ngula 


T coOrdiiia,tes.) 






13. 


4 
' -l-.5co8e' 


(Prove it is f 


m ellipse.) 


14. 


4 


. (Prove It is a 


n hyperbola.) 


15. 


r =aBiii2fl. 


16. r =ai 


;in Se. n. r =■ 



S + b, where 6 takes the values 0, a, 2o, 3 
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CHAPTER IX 
PARAMETRIC EQUATIONS OF LOCI 

108. Parametric equations. A single equation connecting 
two variables, which can be solved for one of the variables, 
may alwa,ya be replaced by two equations which express the 
^ line of e ich of the \ ariable=! of the oi gii a! eqi at on in 
tei us of a th id vaiiable Moieovei one cf tie two ejiat ona 
may 1 ^ve any foim whatevei 

Thus m the equation of the urcle x'-i-y—r' a th rd ^an 
able t may be mtiodueed by letting be eq al to some func 
tion of ( aubatitutmg this wine ot j in x + ^ = ^ the ^ ilue 
of V may be found m teims of ( Eg li i= lob i then 
y=±i smt 

It often happens that it ii easier to obta n the v^lue& of 
cortrdinatea of points on a ^iven locua in terms ot some third 
vanable than it is tt obti i ai equation directly connecting 
the coordinates of the pcirts and m lume c^ses the t ■^o equa 
tions can be obtained where it is not possible to obtain the 
eqiation luettly connecting the cooidinates of the points 

The third variable m terms of whicl tl e cocrdinates of the 
fonts ae ejLXiessel s cilled the parauietei "ml the two 
equatio f ire called the paiametric equations of the locis 

Fi«quentlj the paiameter may be fei\en an interesting 
geometric interpretation. 

109. The parametric equations of the circle. Let the center 
of the circle be at the origin and let the radius be r. Let 6 be 
the angle which the radius to the point (a:, y) on the circle 
makes with the a>axis. Then 

!C = )■ cos fl. y = f sin fl. 
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These equations hold for every point c 
represent the circle completely. They 
tions of the circle. 



1 the circle and hence 
arc parametric equar 




If ^ be eliminated from the equations (hy squaring and 
adding), the ordinary equation, x^ + 1/^ = 1^, ia obtained. 

110. The parametric equations of the ellipse. Let the equa- 
tion of ellipse be 

Draw a circle with center at origin and radius a. Through 
any point P{x, y) of the ellipse draw a line psLrailel to the 
jz-asis to meet the circle in P' on the same side of the avaxis 
aa P. Di'aw OP' and let the inclination of OP' be &. Then 
ai= a COS ft Substituting a cos & for x in the equation of the 
ellipse, there results )/ = ± 6 sin tf. Since it was agreed to take 
P' and P on the same side of the avaxis, the plus sign must 
be taken in the value of y. Hence 

le = a cos fl, y = b sin e, 

are the parametric equations of the ellipse. 

The angle 6 is called the eccentric angle. 
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111. Construction of the ellipse. To construct an ellipse of 
semi-axes a and b, a>b, take the center of the ellipse as a 
center and describe circles of radii a and b. Draw any radius 
making an angle $ with 
the major a-iis. Through 
the points where the ra- 
dius cuts the inner and 
oatei oiii,les draw par- 
allels lespectively to the 
minor and major 
Then intersection is a 
point ot the ellipse. 

Pboof. Taking the 
iC-asis along the major 
axis of the ellipse the 
point of intersection P 
ie at once seen to have 
the co&rdinates x = a cos 
of the ellipse from the preceding article. 

Exercise 1. Construct an ellipse by this method. 




,y = b sin $, and is therefore a point 
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Exercise 2. Prore that, for the same values of x, the 
ordinatea of the ellipse and eirele in Fig. 106 have a constant 



ExBKCisE 3. The sun's raya fall vertically upon a plane ; 
prove that the shadow on this plane of a circular hoop not 
parallel to the plane is an ellipse. 

118. The cycloid. The curve traced by a fixed point on the 
circumference of a circle as the circle rolls in a plane along a 
fixed straight line is called tlie cycloid. 

The circle ia called the generator circle and the point the 
generating point. 

To derive the equations of the cycloid : Let the fixed line 
be taken as a; axis and the point on this line where the gen- 
erating point touches it as the origin. Take the */-axis per- 
pendicular to the 3>axis. 

Let P(a!, 1/) be any position of the generating point, d the 
angle, measured in radians, through which the radius through 
P has turned since the generating point left the origin, and a 
the radius of the circle. Then (Fig. 107} 




y = MP^HC+aN. 
Now 0/f=arcfl'P=afl, 

HM=-PN=-as.i-n.6, 
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HC = a, 




CN=-a 


cose. 


.-. x-ae- 


a sin e, 


W = a-i 


a cos B. 



(1) 

(Tlie student should make sure that these equations hold 
for either position of the generator circle shown in Fig. 107, 
and should draw otlier positions of the generator circle and 
prove that the same equations hold.) 

Equations (1) give the values of x and y in terms of a third 
variable 0. By assigning values to d, values of x and y may 
be computed and thus points on the curve located. 

It is usual to take the two equations (1) as representing the 
cycloid, but a single equation connecting x and y may be ob- 
tained as follows : 

From the second equation, 1 — eos fl = - , or vers 6 = ^- 






= Vl - cos^6= -Jl - (^'Y = \-^/^^^f^. 



Substituting these values of & and sin B in the first of eqs. 
(I), there results 

a; = a vers"' — ■ Vs ay ~ y^. (2) 

113. Conatraction of the cycloid. Besides the method of 
locating points on the cycloid by computing values of x and y 
from eqs. (1) of Art. 112, the following method may be easily 
employed: On a straight line lay off a distance OA equal to 
the eircumference of the generating circle. At the middle 
point B of OA draw a circle equal to the generating circle 
tangent to OA. Divide OB into a number of equal parts by 
. the points B^, B^ B,, etc., and the semi -eircumference BO into 
the same number Of equal parts by the points C^, C-a Cs, etc., 
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obtained by use of the protractor. Through 0\, Cj, Cs, 
draw lines parallel to OA, 




As the circle rolls back, the point P, now at the top of the cir- 
cle, generates the cycloid, the point P descending to the level 
of C when the point of tangency moves back to B^. Hence, 
the point P^ may be obtained by using Ci as a center and £Bi 
as a radius to describe an arc cutting the line through Cy. 

Similarly with radius equal to BB^ and center C^ the point 
Pj is obtained, etc. 

Other methods of constructing the cycloid are employed by 
draftsmen. 

Exercise 1. Construct a cycloid by the method explained, 
dividing the circumference into twelve equal parts. 

Ex-EBcisE 2. Construct a. cycloid by computing values of 
X and y by eqs. (1), Art. 112. 

114. The hypooycloid. The hypocyeloid is the curve traced 
by a fixed point on the circumference of a circle which rolls 
internally along the circumference of a fixed circle. 

To derive the equations of the hypocyeloid : Let the radii 
of the fixed and rolling circles be a and h respectively. Take 
the center of the fixed circle as origin, and the line through 
this center and the point of contact of the generating point 
with the fixed circle as ai^xis. Let P(x, y) be any position of 
the generatiug point, the angle through which the line 
\ has rotated, and i^ the angle through which any 
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radius of the generator circle has turned since tlie generating 
point left the anixis. Then (Fig. 109), 

X = OJW = 0H+ NP^ 00 cos + OP cos ^ 

y=MP=HO-NC=(a-b) silt fl - 6 sin i^. 




Now arc PB = arc AB, and therefore 6(<^ + e) — a$, 



.: x = (a~ 6)cos 8 + 6 cosf^^y^- J, 
y = (a - &)siii e - 6 slnf'^^^^a'j ■ 

115. Construction of the hypooycloid. From the above 
equatioES as many values of x and >j as desired may be com- 
puted by assigning arbitrary values to 6. By this means a 
snflcient number of points may be obtained, through which 
the curve may be drawn. 

Another method is as follows: Draw two concentric circles, 
K and K', with radii a and a~b respectively. Let ^'= ^ + ^ ; 
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then a6= bij>'. Compute tlie value of 6 which makes i^' — 360°, 

i.e. 6 = - 360". Let AOB be this angle, constructed by use of 

the protractor. Then B is the second point of contact of the 
generating point with the fixed circle. Divide AOB into any 
number, n,, of equal parts and draw radii to intersect the circle 
K' at Ci, Oa, Oj, ete., and the circle K at Bj, B^ B^, etc. With 
O], Os, ■■■ as centera draw circles of radius b. 




Fig. 110. 

The position o£ the generating point on the first of these 

circles is obtained by drawing an angle BiC^Pi equal to -th of 

360° ; the point on the second circle by drawing an angle 

B^C^P.^ equal to - ths of 360°, etc. See Fig. 110, where n^8. 

116. The hypocycloid where a — 2 b. Lotting a = 2b in the 
equations of Art. 114, there is obtained 



The latter equation shows that the generating point moves 
along the cc-axis, and the former that it is at any time in the 
same vertical as the point of contact of the circles. 
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Hence, */ a circle rolls vrUhin a fixed circle of double the diam- 
eter, every point of the rolling circle m,ovea back and forth along 
a diameter ofthejixed cirde. Moreover, if tlie circle rolls with 
uniform angular velocity, every point of it moves with simple 
harmonic motion.* 

117. The four-eusped hypoeycloid. The points where tlie 
generating point reverses its direction of motion are called 
cusps. Thus the points of contact of the generating point and 
the fixed circle are cusps. 

If M = 4S there are four cusps. The curve in this case is of 
interest because it is possible to eliminate ff between the equa- 
tions of Art. 114 and obtain a, simple equation connecting x 
and^. 

Substituting - for b in eqs. (1), Art. 114, they become 

x = — cos 6 + - cos 3 fl = - (3 cos ^ + cos 3 0), 
4 4 4 

j = 5i!.i„«-|™3»_?(3™«^»n3«). 

Ey trigonometry, 

cos3fl = 4cos=^-3coB^, 

sin3^ = 3sine-4ain^A 
Substituting these values, there result 



from which 



cog^. 



^©* 



* When a point moves with uniform velocity along the clrcumferenca 
of a circle the projection of the point on any diameter is said to have 
simple harmonic motion. 
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Squaring, adding, and clearing of fractions, 



118. The epioyoloid. The epicycloid is the cur^e traced b 
a fixed point on a circle which rolls externally on tlie circun 
ference of a fixed circle. 




Let the student sliow from the figure that the equations are 



Jfotioe that the equations differ 
from those of the hjpocycloid only 
in having — 6 take the place of b. 

119. The cardioid. The epicy- 
cloid for which the rolling and fixed 
circles are equal is called the car- 
dioid. Its equations are obtained by 
letting it^a in the equations of the 
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preceding article. Thuy then become 

a; = 2 « cos e — a cos 2 fl, 
y = 2«sina~MsIn2fl. 

120. The involute of the eirele. If a thread is wound around 
a circular form and then unwound, kept always stretched, any 
point of the thread traces a 
curve called the involute of the 
eirele. 

To derive its equations; 
Choose the axes as in Fig. 113. 
Let a be the radius of the 
circle, I'{x,, y) the position of 
the generating point at any 
time, and d the angle through 
which the radius to the point 
of tangeney has turned during 
the unwinding-. Then 

X = 0M= 0N-+ iOf- 0N+ TP^in 8, 
y = MP= NT- ST=NT- TPcos 0. 
Ifow rP= arcyir= aS. 

.-. a; = CTcose 4- «8sin9, 




are the equations of the involute of the circle. 

EXERCISE SXVII 
I, I'rove that if a circle of radius a roEs along a straight line, a point 
on a fised radins of the circle at a distance b from the cei 
curve whose equations are 



Plot tlie curve for 6 < a ; for ft > a. 

These curves are called trochoids. 

2. Devise a method of constructing the cycloid similar U. 
of constructing the hypocycloid in Art. 116. 
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3. Carefully construct on coordinate paper a cycloid by the metliod 
you have described. 

By counting the squares between the cycloid and the line on which the 
circle rolls and the squares in the generating circle, what idea do you get 
of the area of the cycloid ? 

4. By combining the equations of the eardioid (Art. 119) and trans- 
forming to polar coordinates, show that the polar eq^uation of the oardioid 
iar = 2a(l — cosfl), where tlie pole is the point ot contact of the gen- 
erating point with the fixed circle. 




Suggestion. .Square and add the equations of Art. 110, move to new 
origin by letting a; = 3^' -]- a, ^ = j' ;. substitute x' = r cos fl, y'=rsmS] 
complete the square in the terms in r, and extract the square root. Also 
derive the polar eqliation independently from the figure. {I'ig. 114.) 

5. Taking the origin at the point of the cycloid farthest from the 
line on which the circle rolls, and the a>axis parallel to that line show that 
the equations of the cycloid are 

where is measured from the positive direction ot the j^-axis to the radius 
of the circle through (x, y), clockwise rotation being counted positive. 

G. Construct a hjpooycloid where a — 3 6. 

7. Devise a mfittiod for construpting the epicycloid and apply it to 
the case where a ~ i b. 
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8. ConBtruct the involute of a circle, 

9. A circle rolls along a straiglit line, and a line tltfough the center of 
the cirele turns about a point of the fixed line. Find the equations of the 
locus of the point of intersection of line and circle, and plot the curve. 

Ans. a; = «(cotfl + cosS), 

y = a(l + sin 9) for outer point, 
and X = a (cot S — cos S) , 

y — a(l — sine) for the inner point. 




10. Show that tlie polar equations of the curves of example 9 are 
■ = a(c6C ff + 1) and r = a(csc 6 — 1) respectirely. 

11. A circle moves with its center always on a straight line, and a 
^ second straight line passes 

through the center of the circle 
and a fixed point. Find the 
looi of the points of intersection 
of the second line and the circle. 
Ans. Using the notation of 
Fig. 116, 



Fro. IIH. y^-aeose, for F'. 

13. Plot the curves of example 11 for 6 < a, b =a,b> a. 
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CHAPTER X 



INTERSECTIONS OF CURVES. SLOPE EQUATIONS OF 
TANGENTS 

131. Intersections of curves. It has been seen that an 
equation in two variables can be represented graphically by a 
curre, every point of which has coordinates which satisfy the 
equation. Two diffcient equations in the same two variables 
will then in general represent two different curves. If these 
curves be plotted on the same diagram they may or may not 
intersect. The coordinates of the points of intersection, if any, 
must satisfy both equations, dnd no other points will have 
this property. Now the values of the variables which satisfy 
two equations are obtained by solving the two equations aa 
simultaneous. Hence to find the points of intersection of two 
curves, solve the eqaa- 
Y tions of the curves as 

simultaneous. The real 
values of the variables 
so obtained which sat- 
isfy both equations are 
the eoordiriates of the 
points of intersection of 
the curves, 
J, Example. To find 
the points of inter- 
section of the circle 
0!= 4- / = 16 and the pa- 
rabola x' = 6y. Elimi- 
nating X from the first 
equation by substitut- 
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ing the value of x from the second, there results 
y2 + 6 1/ - 16 = 0, 

from which ?/ = 2 or — 8. Substituting the first of these values 
of y in the second equation, there is obtaiued x= ± 2V3- 
The substitution of — 8 in the second equation gives imaginary 
values of a;. Hence the points of intersection are (2V5, 2) 
and (-2V3, 2), or approximately (3.46, 2) and (- 3.46, 2). 

On plotting the curves these results are seen to be approxi- 
mately correct. 

EXERCISE XXVUI 
Find the points of intersection of the foliowiiig pairs of curves. Clieclc 
graphically ty plotting the curveB and. measuring the coordinates of the 
points of intersection, 

1. z2 + j/i = 6, H^ = *y. 

2. H = 3:« + 7, s«+!)a = S. 

3. (a)!/ = 23; + i, 'f = ix. Ans.i\,V) (Tangent). 

(6) !/ = 23;-|-.49, !^ = 43;. Ans. (.328, 1.1411, (.184, .85fl). 

(c) )/ = 2 a; + .61, ^=.iv,. Ans. No intersection, 

4. 3^ + 41/2 = 18, iK2 + s) = 0. 

6. 3«-!/ = l, 16*« + 9!/3 = 144. 

6. a; + ^ = 5, 93^+ 16;/' = 144. 

7. a= -I- !/= = IS, 1(2 - ?/! = fi. 

8. For what values of&iay = 2a: + 6 tangent to *^ + j/^ = SI ? 

9. For what values of & is y = incc + b tangent to af^ + y^ ^ ,a p 

10. For what value of ji is 2/^ = 2pa; tangent toi/ = 3K + l? 

11. Prove that the two segments of any line which cuts ly = (? in two 
points, included between the curve and its asymptotes, are equal. 

122. Graphical solution of simultaiieous equations. It fre- 
quently happens that when two equations containing two 
variables are given it ie not possible to eliminate one of the 
variables, and so obtain an equation with only one variable ; 
or, if the elimination is possible, the resulting equation may 
be very difficult or impossible of solution by ordinary methods. 
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In such cases, if the coefficients are numerical, an approximate 
solution may be obtained by carefully plotting the curves and 
meaeuring the coordinates of the points o£ intersection. More 
accurate solutions may then be obtained by methods illustrated 
in the following ejtamples. 

Example 1. To iind the intersection of the curves 



and 



(1) 

(2) 



Plot the curves carefully on coordinate paper. 

From the figure the abscissa of the point of intersection is 
seen to be about — .9. Substitute this value in equations (1) 
and (2), remembering that .9 radian ~ .9 of 57°. 3 = 51 "34', and 
there results, 

from (1) y = sin(- 6r34')= - .78, 

from (2) y= - .8. 




Tliis shows the assumed value of x to be too small, bvit very 
near to the correct value. (Compare Fig. 118.) 

Try next x= - .88. 
Then, from (1), y = sin(- 50=2.')')- - .771, 

from (2), y= - .76. 
This shows the assumed value of a; to be too large, so next try 
x = - .89. 
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Then, from (1), i, = sin(~- 51")= -.777, 

from (2), y^- .78. 
Hence, correct to two significant figures, the solution is 
«^-,89, 2/^ -.78. 
Example 2. To solve tho equation 

3^-2x' + ix-7 ^0. (1) 

Let y = x^-2x' + ix-7. (2) 

Then the solution of (1) is the same as the simultaneous solu- 
tions of (2) and the equation 



Plot the cui-ve of eq. (2). (Figure not shown.) 
The following are corresponding values of x and y 



X 

if -1 


1 

_4 


2 3 4 
1 14 41 


-1 -2 -3 
-14 -31 -64 


The curve is 
about 1,8. 

Try this value 


sc('n to cross the a;-a 
of^ineq, (2); 


xis between 1 and 2, at 




!/ = 


= 5.832 - 6.48 + 7.2 - 


- 7 - - .448. 



Hence the vaJue of 1.8 for x is too small. 

Try next k = 1.9 ; then y — .239. 

Hence the value of 1.9 for x is too large. 

Plot now on an enlarged scale the points representing x and 
J for x = 1.8 and 1.9, and join the points by a straight line. 
Since the interval is small, the earve probably differs but 
slightly from a straight line in the interval. The line is seen 
to cross at about .65 of the distance from 1.8 to 1.9. Then 
1.865 is probably a close approximation to a root of eq. (1). 
Substituting this value of x in eq. (2), there results y = .0094. 
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The work of computation, aiTanged according to Horner's 
method, of synthetic division, is as follows : 
1-2 4-7 ) 1.865 
1.865 - .2518 6.9906 

- .135 -3,7482 - .0094 

By the Jiemairtder Theorem, from Algebra, the value of y is 
the last remainder, — .0094. 

Since y comes out negative, it shows that iti this case the 
assumed value of x is too small. Tiy then x = 1.866. 
1 -2 4 -7 )1.866 

1.866 - .250 6.9975 

- .134 3.7600 - .0025 
Hence )/=- .0025. 

Try next x = 1.867 : 
1-2 4-7 )1.867 

1 .867 - .2483 7,0044 

.133 3.7517 .0044 

Hence y — .0044. 

The root therefore lies betv;'een 1.866 and 1.867 and is nearer 
to the former. Hence, correct to four significant figures, a root 
of eq. (1) is 1.866. 

Evidently one could by this method obtain a root correct to 
any desired degree of accuracy. 

ExAMPiB 3. To solve the equation 

^= - sin 2 ^ = 0. (1) 

This may be treated as in the last example, or it may be 
more easily solved as follows: Plot separately the curves 

y = <!>' (2) 

and ?/ = 3in2^ (3) 

on the same diagram. Then a value of i^ at a point of inter- 
section of the curves of eqs. (2) and (3) is a root of eq. (1). 
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The figure shows that a value of ^ at the intersection i 
little less than 1. Try then 4. = .9. 

Then from (2) y = .81 
and from (3) y^ .974 




Substitute */» = 1> 
then from (2) y = 1 
and from (3) y = .90 



Di 



.091 



Plot on an enlarged scale the difference for <f, = .9 and ■^ = 1, 
using ^ as abscissa and difEerence as otdiuate, and connect the 
points obtained by a straight line. This straight line is seen 
to cross the axis at about .65 of the distance from .9 to 1. On 
substituting 1^ = .965 there results 

from (2) 1/ = .931 
and from (3) y = .936 

DifEerence = - .005 

Let the student show that when <ji = .966 and .967 the differ- 
ences computed as above are — .0022 and .0004, respectively, 
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and that hence the solution of eq. (1), correct to three significant 
figures, is ^ = ,%7. 

EXERCISE XXIX 
Solve tbe following pairs of equations : 



. lOy = a, y = logio^. 



3. s = sia3(, s = taTi2l, 4. x = e-s\aB, x = \-Q,ose. 

6. y = x\y = 2*. 

Solve the following equations by grapliioal methods ; 
6. a^ + 5 = 0. 1. x^'-x + l ~0. 

10. 2' - ce + 1 = 0. 

123. Slope ei^nationa of tangents. Tangent to the ellipse. 
Let a line of slope m be drawn tangent to tlie ellipse 



To derive its equation. 
Any line of slope in has a 



equation of the form 



If eqs. (1) and (2) be solved as s 




uultaneous, the points of in- 
tersection of the looi 
will be obtained. 
These intersections 
may be real and dis- 
tinct, real and co- 
incident, or imagin- 
ary, depending upon 
the value of h. It 
is evident fi'om the 
figure that there are 
two values of k for 
which the line is tan- 
gent to the ellipse. 
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Substituting the value of y from eq. (2) in eq. (1 ) and collecting 
terms, there results 

(6^ + d'mF)x' + 2 a'mhx + a\ie - 6=) = 0. (3) 

The roots of eq. (3) are the absciasae of the points of iatersec- 
tioQ of the line and the ellipse. In order that the line be 
tangent to tlie ellipse these values of x must be eqiial; and 
conversely, if they are equal, so also are the values of y obtained 
by substituting these values of x in eq. (2), and hence the line 
is a tangent. Now the condition that the roots of the equation 
osr' + to + c = be equal is 6^ = 4 ac. Hence, the roots of 
eq. (3) are equal 1£ 

4 a%'F = 4 o? (p - Jf) {V 4- d'm% 
which reduces to 

Therefore the equations of the tangents to the ellipse 



nth slope « 



c i ^/a'n 



These equations are called the slope equations of the tangents 
to the ellipse. 

124. Tangent equations for reference. The student should 
derive the following equations of tangents to the given curves. 

OuBYE Tangent 

(1) ai^-\-y^-t^, 2/ = «ia!±rVmS + l, 

(2) ^ + ^"^1' y = mx±. V«%*^ + b^. 
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(6) »^ = 2py, y^mas-^^- 

(7) asy = 0, y = mx ± 2 V-^'^^. 

EXERCISE XXX 
(Use the above formulas in solving these exercises,) 

1. Find the equations of tangents to a:'^ + !/* = 16 widoii have a slope 
equal to V3, Check graphically. 

2. Find the equations of tangents to 9 x^ 4- 1(3?/^ = 570 wliioh aio 
parallel \oy — x. Check graphically, 

3. rind the equation of a tangent to j/^ := S a; which is perpendicular 
to 29! — ^ — 3— 0. Plot the lines. Where do they intersect ? 

4. Write the equation ol a tangent to j/^ = Spa; and the equation of a 
line through the focus perpendicular to the taJigent, and prove that they 

5. Obtain the slope equation of a tangent to the circle from the equa- 
tion of the tangent to the ellipse, 

6. rind the equations of tangents to ^ = 6x from the exterior point 
(2, 4). Check graphically. 

7. Find the equations of tangents from (7, 1) to a:^ ^ j,2 — 25. Check 
graphically. Ana. 3a: + 4»/-26 = 0, ix-Zy -2t> = (i. 

8. Find the equations of tangents to 9^2 — 25 j/^ = 225 which p^s 
tiirough (— 1, 3). Check graphically. 

Aiis. «-!/+4 = 0, 3k + 4!/-9 = 0, 

9. Find the equations of tangents tol^n? + by'^ = Z0 whicli intersect 
in(— 3, —2). Check graphically. 

10, Show by the use of formula (7), Art. 124, tliat no tangent can be 
drawn to j:^ = 8 which has a positive slope, 

11. Find the equations of all lines that are tangent to iC^ + ^3 „ 25 and 
a2 + 4ys = 36. Hot. , Ans. llj =±4vTlce± 15V83. 

13. Find the equation of a common tangent toy^ = 'ipx and *'* = 2^. 
Check graphically, 

13, Find the equation of the common tangent to !/i^ = 6iK and j!= = i%y. 
Clieek graphically. 
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14. i'iiid the equatioiia of tangents to b^'j? — a^if ~ aW that intersect 
in the origin. Am. The asymptotes, bx — ay — 0, Ijk + ay — 0. 

15. For what value of m is i/ = mi + 8 tangent to ^^ = 43; ? Plot. 

16. A line is tangent to a;^ + ^'^ = 18 and j/'^ = a ; find its equation. 
How many solutions ? Plot. 

17. Find the eqiiations of Hues of slope 2 which are tangent to 

3^ + y'i - ix + Qy + h = li. Plot, 

18. Prove that y — k = m((c — h) ± i-Vl + m^ jg tangent to 

ScQOESTiOH. Move the origin to (h, k) ; use formula (1), Art. 124, and 
then translate the axes to the original position. 

19. Find the equations of tangents tox'^ ^ry^ — ix + Sy — 12 =0, with 
slope 2, hy using the formula of Ex. 18. 

20. Prove that y-^le = inix — ft) + -^ ia tangent to 

21. Pind the equation of a tangent to y^ — 2j/ — 4*=0 with a slope 
equal to 3. 



22. Find the slope equation of a tangent tt 

23. Find the equations of tangents 
with slope equal to — 3. 

34. Find the equations of lines with slope equal to 3 which a 

25. Prove that a line with slopo numerically less than - f 
tangent to b'^x^ - a^ = cfibK 

26. Prove that any two tangents fo ^ = 2px which are at ri 
to'^eaoh other intersect on the line x = — — , the directrix. 



37. Show that any two tangents to the ellipse 6*^9 _|_ ^3^,2 _ ^,^ft2 mhich 
are perpendicular to each other intersect on the circle x^+y''' — (fi + bK 

SuGQESTios. The equations of two tangents to tlie ellipse which are 
perpendicular to each other are 

y ~ mx + Vm^cfi + &=, (1) 

and y = -^ + -J^^+6*. (2) 
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It these equations be regai-ded as simultaneous, the values of x and y 
that satisfy them are tlie coordinates oJ the intersection of the two tangents. 
If then m be eliminated between the two equations, an equation will be 
obtained which is satisfied by tlie coordinates of the intersection of any 
two perpendicular tangents. 

In this case the elimination is easily made as follows : Eqs. (1) and l_2) 
may be writlea 






. V^ 



Tlien square and add, 

38. Provethatthe locus offootoftlie perpendicular from thefocus upon. 
a tangent to the ellipse 6^3;^ + a'^y^ = a^b^ is the circle 3? + ^^ = aK Check 
graphically. 

39. Show tiat any two tangents to the hyperbola b^x'^ — c^^ = 0^6^ 
whicti are perpendicular to each other intersect upon the circle 
a^ + y^ = o^ — 6^, if a > 6, but that there are 110 perpendicular tangents 
ifn<6. Whatifa = 6? 

30. Prove that the locna of She foot of the perpendicular from the focus 
upon a tangeut to ft^j^a _ (,2^ = o;aji -^ the circle 3^ +'y^ = a\ Check 
graphically. 

31. Find the equation of the locus of the foot of the perpendicular from 
the center upon the tangent to 6^^ + a^* = a^b^. 

Ane. (3^ -I- y")^ = aV + 6V- 
ir coordinates reduce the equation of Ex. 31 




-ebyni 



Construct the ci 
of the circles r — c 
r = bsiae. (See Fig. 121.) 

33. Find the equation of 
the locus of the foot of the 
perpendicular from the cen- 
ter upon a tangent to the 
equilateral hyperbola o^ — ^^ 

34. Show that the equa- 
tion of the locus of Ex. 33 in 

I curve. This curve is called 
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CHAPTER XI 



SLOPES. TAHGENTS AMD NORMALS. DERIVATIVES 

135. Introduction. In this cha.pter methods will be derived 
of finding the direction of a curre whoae equation is known in 
rectangular coordinates at any point of the curve ; of finding 
the equations of tangent and normal to the curve at any point ; 
and some general methods established which will shorten the 
work of computing the slopes of curves. These methods will 
be shown in their application to some numerical cases. 



= fi if a( = -l, 



126. Increments. In an equation connecting x and y, e.g. 

if a value be assigned to x, y takes a value to correspond ; and 
if X is given a different value, y will in general take a different 
value. 

Thus, if a: = 0, then y = 1 ; if a; = 1, then i, 
then y~\; if a: = 2, then y = l. 

Any change in x in general brings about a change in y. 

These changes are most easily seen by referring to the curve 
which ecj. (1) represents. 
As the point {x, y) traces 
the curve, both x and y 
change, and the amount 
that y changes depends 
upon the amount that x 
changes, and also upon 
the point of the curve from 
which the change is reck- 
oned. Thus, if a; increases 
by 1 from the value 1, y 
increases from f to 1, or 
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the increase in ?/ is | ; wliile i£ x increases by 1 from the value 
2, p increases from 1 to J, or the increase in y is |. Again, if as 
increases from — 3 t.o —2,y decreases from ^ to Jj^, or it may 
be said that the increase in )/ is — -J. 

Suppose now that some definite valne of x is chosen, and a 
study made of the changes brought about in ^ by increasing 
X by small amounts from this definite value. Let the increase 
that is given to x be denoted by the symbol Ax, read " delta x,"' 
or " increment vc " ; and let the increase brought about in y by 
this change in x be denoted by Ay, read " delta y," or '' incre- 
ment p." 

The following table shows values of x, y. As;, A^, and the 

ratio — i^, the value 2 being chcreen for x from which to reckon 

Ax 
the increments. The values of Ax are arbitrarily 



, 


. 


„ 


alj 


1" 


2 




^ 


.75 


.75 


y.5 


:..si26 


.5 


.3125 


.625 


2.1 


1.0525 


.1 


.0525 


.535 


2.01 


1,005025 


.01 


.005025 


.5025 


2.001 

2 + A3; 


1. 00050025 


.001 


.00050025 


.60026 



An examination of this table shows that as the increment in 
X is made smaller and smaller the corresponding increment in 
y becomes smaller and smaller, and approaches the limiting 
value zero when Aic approaches the limiting value zero. The 
ratio — , however, does not approach zero, but apprOEiches the 
limiting value .6 when Aa; approaches the limiting value 0. 
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127. Slope of the curve at any point. T,ook jinw at the geo- 
«ietrie meaning of these faots. If P and P' denote the points 
(2, 1) and (2 + ^x,l + Ay) y 

on the curve, then ia; and 
ij/ have the values shown 
in the figure, and the ratio 

—^ is the slope of the 
Ax 

secant line throngh P and 

i". As Ax approaches the 

limiting value zero, the 

point P" moves along the 

curve to the limiting posi- ^'"' ^'^''' 

tion P, and the secant line through P and P' turns about P to 

the limiting position defined to be the tangent to the curve at 

P. Hence the slope of the tangent line at (2, 1) is .5. 

Definition. The slope of a tangent to a curve at any point 
is Railed the slope of the curve at that point. 

The method here employed is a general one. By it one can 
compute the slope of the curve a.t any point. The table of 
values need not be computed, as in the preceding article, for 
this purpose. 

B.g. to find the slope of the curve at the point where x~Z 
one may proceed aa follows : 

Substitute « = 3 in the equation ; then y = ^. 

Take a point on the curve near /"(S, -1). It may be repre- 
sented by /^{S + A3!, J + Ay). 

Since this point is on the curve, its coordinates must satisfy 
the equation of the curve. 

.-. 4{| + A7/)=(3 + Aa;)^- 2(3 + A3;) + 4, 
or 7 + 4A?/=^S + 6Aii:-|-AS^-0 — SAiC-H-l, 

or 4 At/ = 4 A.^ -I- A3! . 



^ = 1 + - 
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As Ax approaches the limiting value zero, i.e. as P* moves 

along the curve to coincide with P, the ratio -^ approaches 

^x 
the limiting value 1, which is, therefore, the slope of the tan- 
gent line to the curve at the point (3, J). 



EXERCISE XXXI 

1, Compute the value of Ay when Ax = .01 for x — .6, 1, 10, respec- 
tWely, in ji = xK 

2, Compute the slope of the curve iy = 3? ~2x + i at the points 
where x = — 1, x = (i, x = i. 

3, Find the slope of the curve 8 ii = z^ -)- 1 at the points where x = 1, 
3, 0, - 2. 

4, "Write the equation of the tangent line to the curve of eq. (1), Art. 
126, at the point (3, J). 

138. Equation of the tangent to a curve at any point. As a 
second, example let it be required to find the slope of the tan- 
gent line to the curve 

ix' + f^i (1) 
at any point (x„, y„) on 
the curve, and the equa- 
tion of the tangent line 
at that point. 

Let /'(^oi ya) be any 
point of the curve and Q 
(Xa + Aa;, y„ -j- A^) a point 
of the curve near P. For 
convenience Ax is taken 
positive, and then Ay 
will be positive or nega- 
tive according as the 
curve rises or falls to- 
ward the right from P. 
In the figure, for either position shown, PM= Ax, MQ = Ay. 
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Then —= slope of the secant line PQ, and hence the limit- 
ing value of -^, as Aa; approaches the limiting value zero, is 

the slope of the tangent line to the curve at (% y^). 

Since (Xa, y^) and (»% + Ax, y„ + Ay) are points on the curve, 
the coordinates must satisfy eq. (1). 

.-. 4V + yo^ = 4f (2) 

and 4 (a^ + A^)^+ (?/„ + Ayy= 4. (3) 

Expanding eq. (3) and subtracting the corresponding mem- 
bers of eq. (2), there results 

BX(iAx + iKx+2 yoAy + Ay = 0. (4) 

Every term of this equation contains either Ay or Ax as a fac- 
tor. Take to the right member all the terms containing A3! 
and factor the two members of the equation. Then 

Ayi2 y„ + Ay)^- AaT(8 x. + i Ax), 
or Ay^_8xa + iAx_ ^g. 

Ax '^yi, + ^y 

As Q moves along the curve to the limiting position P, both 
Ax and Ay approach the limiting value zero, and the right 
member of eq. (5) approaches the limiting value, 

iXt,_ 

Hence — — ^ is the slope of the tangent line to the curve at 

(«t,, y><)- 

Since the equation of a line of slope m through (x^, y^) is 
y-yt, = m(x - x^), 
therefore the equation of the tangent line to the curve at 
(?k, yo) is 

y-y,^-^i^-x,). (6) 
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This equation may be put into a simpler form as follows: 
Clear of fractions : 

or 4 iCoW 4- M = i ^^ + lla- 

Tlie right rrtember of this equation is, by eq. (2), equal to 4. 
Therefore 4 a^j^ + (/^■f/ = 4 (7) 

is the equation of the tangent to 

4x^ + ^^ = 4, 
at (a^, «/c). 

Since in eq. (7) {a%, y^ may be any point on the curve, the 
equation of the tangent line at any particular point may be 
written by substituting for x^ and ^n the coiircILnates of that 
pobit. 

Thus the tangent at {\, Vii), which is a point on the curve, 
is 2x + ^Zy = L 

The student must not fail to recognize the fact that in eq. 
(7) «(i and y^ are the coordinates of a fixed point, the point of 
tangency, and that x and y are the variable coordinates of any 
point on the tangent line. 

129. The normal. The normal to a curve at any point is 
the line perpendicular to the tangent at that point. 

Since its slope is the negative reciprocal of the elope of the 
tangent, the equation of the normal to the curve of the pre- 
ceding article at (aso, «/o) is 

EXERCISE XXXII 

Find the equations of tangents and normals to the following carves at 
the points assigned. Check graphically by plotting the curves and Oie 
lines whose equations are found. 

1. J,' ^4 a: at (1, -2), 

2. j^''+ ;,= = 25at (-3, 4). 
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3. j/2 = fl^ at (% j/o) ; at(0, 0), (1, 1), (4,8). 

4. y = 1.1,1; 4- 6 at (% i(u). 

6. y = 3!^-i-ix — bM the points where the curve crosses t> 
G. x^-yi= 10 at (5 ") 

7. xy = S3.t(, i) 

8. At what an^le do s the 1 ne y — 3x + 2 out the 
J/ = «2 + s - 6 ? (B the a g!e between two curves is 
angle between th ng ts at he po nt of intersection. ) 

9. Knd the anf.les at wh ha +y =25 and 4 a? = 

10. Find the point on the cnrre of example 5 where the slope is zero. 

11. Find the point on the curve y —~ x^ — Sx + 2 where the slope is 
zero. Find also the point of the curve where the slope is 1. Where 2. 

130. Tangent equations for reference. By the method used 
in Art. 128, the student can show that the following are the 
equations of the tangents to the given curves at the point 
(% Vo)- 
Equation of Cubve 

y' — 2px. 
a^ — 2j>y- 



Equation . 


OF Tavokkt 


ge,x + j/y-- 


.f^. 


y.y- 


^p(.<c + oe^-). 


oe^-- 


=p(y + i'i)- 


«^ , JM/_ 




«3 6- 


" 


Xj^ UM- 


=1. 


(P V ~ 




ai^oV + y^ = 


= 2c. 



The student can more easily dei-ive these equations after 
reading the remainder of this chapter. 

DERIVATIVES. FORMULAS OF DIFFERENT! AT lOM" 

131. Definitions and Notation. Id the preceding articles the 

limiting vahie of -^ as Aa; approached the limiting value at 

any point of the curve was found to represent the slope of the 
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tangent to the curve at that point. This limiting value of -^ 

Ax 
is of great importance in much svcLvanced mathematical work, a3 
well as for the study of curves. It is therefore worth wliile 
to assign a special name to this limiting value, and to develop 
short methods for computing it in given cased. 

Definition. G-iven a function y, of a variable x, and a 
pair of corresponding values of x and y ; if then an increment 
Ax be given to x, bringing about an increment Ay in y, the 
limiting value of — ^, as Ax approaches the limiting value zero, 
is called the derivative of y with respect to x for that value of x. 

Notation. The symbol -^ is used to denote the derivative 

of y with respect to x. The symbol — ^| means the value of 

that derivative for the value Xo of x. 

Thus in Art. 128, in the equation 4:0?+ y^ = i, 






V3 



132. Geometric meaning of the derivative. A function y, of 
a variable x, may be represented 
graphically by a curve. 

Let a!o S'lid Vn be a pair of cor- 
responding values of x and y. 
They are then the coordinates 
of some point on the curve. If 
an increment Ax be given to x, 
then y takes an increment Ay, 
as illustrated in the figure, 
where PM ~ Ax, MQ — Ay. 
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Then — ^ is the slope of tho secant line through P(Xc, y^) 
Ax 
and Q(3^ + Ax, y^ + Ay). 

Let Q move along the curve to the limiting position P; Ak 
and Ai/ both approach the limit 0, and the secant line ap- 
proaches the limiting position of the tangent to the curve at P. 

Hence the limiting value of — ^, aa Ax approaches the limit 
A^ 
0, is the slope of the tangent to the curve at P(x^, yo)- There- 

— — the slope of the tangent to the curve at (a;^, y^). 

The process of obtaining the derivative is called differen- 
tiation. 

133. Continuity of functions. In the foregoing it was as- 
sumed that y is a single-valued, continuous function of x for 
all values of sc under discussion. The meaning of this is ex- 
plained in the following definition. 

Definition, A function y, of a. variable «, is said to be 
a single-valued and continuous function for all values of x 
■within an interval, if for each value of x in that interval there 
is a single, real, finite value of y, and if y changes gradually 
as ic changes gradually, i.e. such that the change in y caused 
by a change in x, anywhere within the interval, can be made 
small at will by making the change in x small enough. 

If 2/ becomes infinite as x approaches a certain value as a 
limit, y is said to have an infinite discontinuity at that value 
otx. 

If, as X passes through a certain value, y changes suddenly 
from one finite value to another, y is said to have a finite 
discontinuity at that value of x. 

Example 1. Iny — ——^ as x approaches the limit 2 from 
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either aide, y increases indeiiiiitely in numerical value. Hence 
y has an infinite discontinuity at a; = 2. 

ExAMrLi! 2. In y== ''^~ if x is negative, but numerically 
^ 2' + l 

very small, 2* is very small and y is very near — 1. Again, 

y may be written y = —^ — -, from which it is evident that y is 

1 + 3" 
very near 1 when x is positive and very small. Hence as x 
passes through from negative to positive, y changes suddenly 
from —1 to +1. Therefore y has a finite discontinuity at 
:e = 0. 

All, or nearly all, o£ the functions with which the student 
ordinarily deals are either continuous or have infinite discon- 
tinuities at definite points separated by finite intervals, and it 
will be assumed in wliat follows that the functions dealt with 
are finite and continuous for the' values of the variable con- 



134, Formulas. In the following articles some general for- 
mulas of differentiation will he developed which will shorten 
the work of differentiation in ceitaiti cases, 

135. Derivative of a constant. The derivative of a constant 
is zero: 



Pkoof. Let C bo any constant, Si]ice C does not change 
18 X changes by any amount \x, the increment in C is zero; 
:.e. AG=0. 
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Theiefoi'e tlie limiting value of -- 



0. 



This may also be seen geometrically by letting y=G. This 
is tlie equation ot a straight line pai'allel to the se-axis. The 
value of -^ at any point of tins line is zero. (Art. 132.) 

Hence -2 = 0, or since y=C, — ^ = 0. 
dx dx 

136, Derivative of a variable with respect to itself. The 

derivative of a variable with respect to itself is 1 : 

da; 

Pkoof. — = 1. 

^x 

Therefore the limiting value of — is 1. 

' ' dx 
The student should illustrate this geometrically. 

137. Derivative of a constant times a function. The deriva- 
tive of a constant times a function is equal to the constant 
times the derivative of the function : 

d{Cu) __ f.du 
dx dx' 

where C is any constant and u is any function of x. 
I'boof. Let y = Gu. 

Let X take a particular value x^. Then u and y take corre- 
sponding values ua and y^, such that 
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Let X take an iiicireiiieiit Aa:; then u and y take increments 
Am and ^y such that 

yo + A)/=C(i/o + A«)- 
By subtraction, Ay = G ■ Am. 

Divide by Ak : -^ = (7 — . 

Aa! A3! 

As A.C approaches the limit 0, — ^ and — approach the limits 
^'1 and *5| . 



Since a;, is any value of x, then 



ACca = c*. 



138. Derivative of a sum. Tlie derivative of a sum of func- 
tions witli respect to any variable is equal to the sum of the 
derivatives of the f \inctions with respect to that variable : 





f.<«— ■■ 


'^t- 


dv dw , 

dx. dx "' 


Pkoo: 


p. (For two functions 


.) Let » 


[and 


V be two functions 


Let 


y^ 


n + v. 






Let a; 


= ato, then y,, = 


Mo + Vo- 






Let a; 


= a>£, + A X, then 










yo + ^'j = 


«„ + Ah + ^'„ 


+ Au 


Subtr 


acting, Ay — 


A«+ At 
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Divide by Ak, . " — - 

Let Aic approacli the limit ; 



dy] ditl Au\ 

d , , ^ _ dii . dv 
dx dx dx 

A similar proof holds for any mimljer of functions. 

139. Derivative of a product. The dcTivative of the product 
of two functions is equal to the sum of the products of each 
function times the derivative of the other ; 

d(uv) _ dv . du 
dx ~ dx dx 

Pkoof. Let u and v be any two functions of x. 

Let X — Xa, then !/(, = u„v^. 

Let a: = a^ + Ak, then 

T/a + Ay = (ut, + Am) («„ + Ail). 

Subtracting, Ay = (mq + A!() {% + Aw) — v^v^ 

= «„ Aw + Do Au + Am • All. 

-n- -z- t . Aw Au , Am , Am . 

Dividmg by ^.x, — ^ = «„ \-v^ 1 ■ A-u. 

Aa: Aa: A« Aa; 

Let Aa; approach the limit ; then Am, Af, and Ay each 

approaches the limit 0, and the limiting values — , — , and 
^^ ^ Ax Aa; 

TI are, respectively, the derivatives of y, u, and v with respect 
to X for the value x^. 



.-. ^1 



dx\^^^ f^.'stj 
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or, since x^ is any value of x, and y = uv, 
d(uv) _ dv du 
dm dx dx 

In a similar way a formula m.ay be derived for the derivative 
of the product of three or more functions. However, one may 
make use of the formula just proved to obtain the derivative 
of the product of more than two functions. Thus, 
d(vw) 




140. Derivative of a quotient. The derivative of the quo- 
tient of two functions is equal to the denominator times tlie 
derivative of the numei-ater, minus the numerator times the 
derivative of the denominator, divided by the square of the de- 



nominator : 









Pkoop. Let y = -> 

then, vy = u. 

Differentiating, using the formula of the preceding article, 



Solving for -^, 
dx 

fiepiacing )/ by -, 
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141. Derivative of the power of a function. The derivative 
of the nth power of a function is equal to n times the function 
to the power n — X, times the derivative of the function : 

'*'■*' ' = tcm"- 1 - -, wliere n is constant. 
doe die 

Proof. (1) n s, positive integer. 
Let y = u". 

Let X = !Bo, then j^ = «„". 

Let x — Xi,-\- i^x, then ya + i^y — ("o + Au)". 
Expanding («uH-Am)" hy the binomial theorem and sub- 
tracting, 

Ay = nu^~^^u + — i- — — ' '^o""^ ■ ^w + ■ ■ ■ + ^M . 

Every term on the right after the first contains Am to a power 
higher than the first. Set out the factor Am and divide both 
members by Aa; : 

Aic [_ .2 ]^.x 

Now as AiK approaches the limit 0, so do Ai; and Ay. The 

limiting value of the quantity in the parenthesis is therefore 

dy I __i du I 

or -y^ = nu—'--?^. 

aa! dx 

(2) 11 a negative integer. Let n — ~- m, where m is a posi- 
tive integer. 



Differentiate, using the formula for the derivative of : 
quotient, 5,» ^ _ 1 dju") 
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But ^ = 0, by Art. 135, and since m is a positive integer, 
dx 

"l^ = mW"-' ^, by part (1) of this article. 

dy __ — mit""' dw 
da: u^" dx 

= —m/ur"'' — 

= ««"-'*', since ji = -™. 
dx' 

(3) n a rational fraction. Suppose 'it = ^-, where p and q are 
integers, eitlier positive or negative. 

Let y = u'' = M«. 

Eaise both members of this equation to the 5th power; 

y-' = v.". 



Since hothp 


and q 


are : 


mtege: 


fs, the forsnula of this 


article 


ay be applied. 












•■• <iy 


dx 


=pu' 


dx' 








dx 




-'du 
~'dx' 






Now 


r-'- 


= (u^ 


)'-' = 


/"*. 








dy_ 
da!~ 


=£^ 
^h"' 


'du 
J da: 










-^J- 
9 


.,du 
dx 








^ 


. jjy„-i 


,du 
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Hence '^i:^ = nM-i^ if n is an integer or the ratio of two 



d{u") _ _,,n-l ** 

dx dx 

integers. 

Tlie proof cart be extended to include irrational values of n, 
such as V2, TT, etc., but it is not sufficiently elementary to be 
given here. 



143. Suminary. The above formulas are here collected and 
numbered for convenience of reference. 



III. 5 

IV. A(« + ^ 



d(uv) _ „ dif . du 



143. Blustrations, Example 1. To find the derivative of 
f + A^J^-5 with r 



A(^ + 3x=+5) = !P + ^^^ + ^, by IV, 

die dx dx dx 

= 3^=^ + 3 .29;~ + 0, by I, III, VII, 
dx dx 

= S3? + Qx, by 11. 

ExAMi-T.K 2. Given ^ = 4 C + VF+"1 ; to find ^. 
dt 

d.^d(4i^ d(f + l)\ , jY 

dt m dt •' 



y Google 



L70 ANALYTIC GEOMETRY 

cU 2^ ' lit ^ 

^\2t'-\r\(f + l)"k2 1 1 + 0), by II and IV, 

= 12 tU ^ 

Vf^ + i , 

Example 3. Given ^jo — 4; to fliid "^■ 
Differentiate both members of the equation witli respect to v ; 
djpv) ^d(_^) 



dv . dp _ 



,j^ 



"^ = 0. 



rfp_ 



Given the ellipse 4 k^ + !/^ = 16 ; to find the 
slope of the tangent line at (1, 2VS). 

The slope of the tangent line required is the 



P^. 



the point (1, 2V3). (Art. 132.) 

Differentiating both members of the equation with respect to x, 



Hence the slope of the tangent at (1, 2V3) i, 
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The student should draw the ellipse and the line through 


(1, 2 V3) with slope - — - 




EXEKCISB XXXin 


Find the derivaUve o£ each of the following functions with respect to its 
represent variahles. 


1. y = x'^-V^-&x-\-h. 


7. z^t^^t-^. 


2. ^ = aj2 + 6+£. 


«■ '^^ 


3. J ^ Vj-' + 0^. 


9. !/=(a: + (!)•'(*+ 6)". 


4. .= ^. 

5. y^xVWTl. 

6. q = Vi= - 0^ + i. 


10. z = i. 

11. y=(,as?-vb)\ 


Find the equations of the tangents 
points. Check by drawing the curves 
13. y = mx-^l)s,t{xD,yr,)- 


to the following curves at the giveii 
and the lines. 
18. :.^ = 8at(2, 4). 


14. j; = 4a=at 0,4), 


19. 4a^2 + iey^ = I6at (V8, J). 


16. !/a_4a;at (1,2). 

16. 372+^^ = 25 at(-4, 3). 


31. j( = (lE^ + 63; + c at (Wo, Vo). 


17. a:2_j^ = 9at(5,4). 33. 3^ = as(M- &!/ + c at (ao, j,„). 

23. Carefully construct the curve pv = i, and by drawing tangents 

(approximately) at various points and measuring their slopes, verify the 


i-eaiilt found in esample 3, Art. 143, v 


vz^m^-Z. 



34. Derive the equations of the tangents to the curves of Art, 130. 

35. Show that the equation of the tangentto a*^+fi^+naT+d!/+e: 
it (_xb, Vb) is 



. Show that the equation of the tangent t< 
y + Sjfa ^ a 



= 3;'at (aro, !/o)ii 
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27 . Sliow that the equation of the tangent to ji = ax" at (Xa, Vo) is 

28. Show that the equation of the tangent to 

ax' -i-bxy + cy^ + dx + ey +f=0 3,i (%, So) is 
axox + - (xt,y + yax) + cy^ +-{x + xo)+^(y + yo)+f=0. 

144, Limit of the ratio of a circular arc to its chord. 

In Fig. ]26 let HD and ADhe tangents drawn at the ends of 
the circular arc AB. Then, since the arc of a circle is greater 
than its chord and less than any lino 
which envelops it and has the sanie 
extremities, 

choi'd AB < arc AB<,2 BD. 

c\iov& AB MB 

Now let the point A move aloDg 

the circle to the limiting position B. 

The line through A and B approaches the limiting position as 

tangent at B, and hence the angle MBB approaches the limit 0. 

Hence ■, which is equal to sec MBD, approaches the 

Therefore the ratio -^^ approaches the limit 1 as the 

chord AB ^'■ 
arc approaches the limit 0; for it lies between 1 and a quan- 
tity whose limit is 1. 

145. Circular or radian meaeuxe of an ai^le. The radian is 

defined to be the angle at the center of a circle whose are is 
equal in length to the radius. Hence if the length of an arc 
of a circle be divided by the length of the radius, tbe quotient 
is the number of radians in the angle subtended at the center 




Fre. 126. 
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by the given arc, i 



Hence in a circle of radius 1, " the arc equals the angle." 
That ia, the number of liaear units in the arc is equal to the 
number of radians in the subtended angle at the center. 



146. Limit of 



In Art. 144 if the circle has a radius 
i called $, then chord 



equal to 1, and if the argle MOB 
AB = 2 sin 8, and arc AB=2e. 

aicJ-Z? ^ 6 
choi-AAB erne' 

Therefore the ratio -; — - approaches the limit 1 when 6 ap- 
proaches the limit 0. 

147. Derivative of the sine. 
Let y = sin u, where it is a function of x. 
In a circle of radius 1, let AOP be an 
angle at the center whose measure in radians 
is u. (Fig. 127.) 

Th6nJ»/P= sinM. .-.MP^y. 
Let X take an increment Ax, bringing 
about an increment Am in m, represented by 
the angle POQ. 

Then arc PQ ~ Am, and SQ = ^y- 
In triangle PSQ, 

Ay = chord PQ ■ sin SPQ. 
Ay_ - (ipQ chord PQ arc. 
" Ax~ arc PQ ' A; 

or, since arc PQ = Am, 

chord PQ Ait 




^^ = sin^PQ - 



arcPQ 
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Now as Ax approaches the limit so also do Au and Ay; 
the line through P and Q approaches the limiting position of 
the tangent at P, and hence the limiting value of SPQ is ^ — «■ 

Also the limiting value of ^^"'''^-^^ is 1, 
arcPQ 

.-.^^sinf^-^^*^, 
dx \2 Jdx 

'^^ da; da;' 

148. Derivative of the oosine. In Fig. 127 let 

s = cosu; 
then 0M= e, NM= ~Az. 

.: - As = cos SPQ ■ chord PQ. 

.-. ^l^=cos^PQ . ^^H^^ . ^. 
Ax arc PQ Ax 

Therefore, letting Ax approach the limit 0, 

dz fir \ du 

= cos - — M — , 

dx \^ Jdx 

dx dx 

149. Derivatives of sine and cosine of an angle not in the 
first quadrant. The foregoing proofs have assumed the angle 
to be in the first quadrant. Proofs conld as easily be given for 
the other qnadrants, or they may be made to depend upon those 
above. 

E.g. to find ^(^EJt) for a value of u in the second quadrant. 

T , IT . ,1 ■ ■ ^ dti dv 

Let «=- + !': thensinM=cosii, G0SM=— sitif, and — = —. 

2 dx dx 

= *55:?) = -sm»*,bTA,t,. 148, 
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Analytic proofs of the above formulas which are independent 
of the size of the angle are given in text-books on the Calculus. 

150. Derivative of the tangent. 

Let y — tan u. 



Differentiating by the formula for a quotient, 

cos n -i '- — sin u -^ ' 



(cos'M + sin^M)^ 



151. Derivatives of cotangent, secant, cosecant. The student 
can show that tlie following formulas hold ; 
du (7(se 



^=-CSC«COtM— ■ 

152. Summary. The formulas for the differentiation of the 
trigonometric functions are here collected and numbered, con- 
secutively with those of Art. 142. 

vm ^^^^^^cofiu'^. 
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153. Ulustrationa. The foregoing formulas, together with 
those of Art. 142, enable one to find the derivative of aiiy alge- 
braic expression involving trigonometric functions. The fol- 
lowing examples will help to make this clear. 

ExAMPt.B 1. Given y = sm^2x; toflnd-^- 

By fominla VII, ^ = 3 sin^ 2 a; ^^I^IH-M. 

dx dx 

By VIII and II, ^ilHLM=, cos 2 x ^^^ 
dx dx 

— 2 cos 2 X. 



Given s = Vl + 2 tan" 3 s; to find ^■ 

By VII, ^=l(l+2tan^3s)-*^(i+^tao^M. 

^ ' dt 2- ' dt 

By IV, I, III, VII, and X, 

^0^tlJan^M = 4tan3..see=3..3.^. 



VI + 2 tan' Ss dl. 



154. Other derivative fonmilas. Formulas for the derivatives 
of the inverse trigonometric functions, sin~'M, etc.; the logar 
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rithmio functions, log„ u ; and the CKponential functions, a", u", 
are derived in text-books on the Calculus. 

The foregoing formulas will be sufficient for use in showing 
the application of derivatives to the study of curves, which is 
given in the next chapter. 

EXERCISE XXXIV 
Find the derivative of each of the following fuiictions with respect to 
i[s varialile : 

1. y = a aoa^x -f- h sin^a. 

2. y = it3,n.^2x. 
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CHAPTER XII 
MAXIMA AND MINIMA, DERIVATIVE CURVES 

155. ISaximum and mininium points of a curve. In the 
discussion that follows the ciifves are supposed to he such 
that the ordinate is a single-valned, continuous function of 
the abscissa. If the curve as a whole is not single valued, it 
can be divided into portions each of which is single valued. 

For convenience, such a curve, or portion of a curve, may 
be thought of as generated by a point moving from left to 
right. 

If, as the curve is so traced, tlie generating point rises to a 
certain position and then falls, that position is called a maxi- 
mum point of the curve, and the ordinate at that point is 
called a maximum ordinate. If the generating point falls to 
a certain position and 
then rises, that position 
is called a minimum 
point of the curve, and 
t ordinate at that 
point a minimum ordi- 
nate. 

Fjc 126. " Thus A, G, and E are 

maximum points, and ly,, 

y^ and y^ ^^ maximum ordiuates, while B and D are minimum 

points, and y^ *nd ?/, are minimum ordiuates of the curve in 

rig. 128. 

According to the above definition a maximum ordinate is 
not necessarily the greatest ordinate of the curve. The deiini- 
tion requires only that a maximum ordinate shall be g 
than the ordinates immediately to the right and left of it. 
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At a maximum point the curve is said to change from rising 
to falling, and at a minimum point to change from falling to 
rising. 

156. Determination of the maximnm and minimuni points of 
a curve. The location of the maximum and minimum points 
of a curve whose equation in rectangular coordinates is known 
may bo determined by use of the derivative. The method 
employed is a general one, but the solution of the equations 
is sometimes impossible. In the case of equations with nu- 
merical coefficients, however, an approximate solution can 
always be obtained. 

It w&a shown in Art. 132 that -^ for any point of tlie curve 
dx 
is equal to the slope of the tangent to the curve at that point. 

Then if -^ is positive for a given point of the curve, the tan- 
da; 
gent line at that point makes with the ic-axis au angle less 
than 90°, and hence the curve riaea toward the right from that 
point. If -^ is negative for a given point of the curve, the 

tangent at that point makes with the iB-asis an angle between 
90° and 180°, and hence the curve falls toward the right from 
that point. 

Of course this rising or falling may continue for a very 
short distance only. 

Figure 129 illustrates points of the curve for which -^ is 

dx 
fe, zero, and negative. 
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which -^ changes from positive to negative, the curve changes 



^'' 



It follows from the above that if a point, in moving along 
the cvirve from left to right, passes through a position for 

dx 

at that point from rising to falling, and hence that position is 
a maximum point of the curve; while if a point, in moving 
along the curve from left to right, passes through a position 

for which — " changes from negative to positive, such a posi- 
tion is a minimum point of the curve. 
The derivative -^ usually changes sign by passing through 

the value zero, so that the tangent at a maximum or minimum 
point of the curve is usually parallel to the at-axis. However, 
it may change sign 
by becoming infinite. 
In such a case the 
tangent is parallel 
to the y-axis at a 
maximum or mini- 
mum point. A point 
of this kind is called 
a cT^p-maximum, or a onsp-minimum. (Fig. 130.) 

It does not follow, conversely, that if the tangent at a given 
point of the curve is parallel to one of the coordinate axes, the 
point is necessarily a maximum or minimum point. The curve 
may cross the tangent at that point. (See Fig. 129.) 

The above discussion applies to only those parts of a curve 
for which neither coordinate becomes infinite. It frec^uently 

happens that aa x passes through a certain value, -^ changes 

sign, but neither a maximum nor minimum point of the curve 
corresponds to that value of x, because y there becomes infinite, 

151. Illustration. To find the maximum and minimum 
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points of the curve 

Differentiating, 6 ^ - 6 a;= - 6 a; - 36. 

dx 

... * = a?-^-6 (2) 

(to 

= (s + 2)(a,-S). 

From this it ia seen that if x has any value less than — 2, 

both factors of ^ are neeative, and hence -^ is positive. The 

dx dx 

curve therefore rises toward the right at all points for which 
x<-2. 

If X is greater than ~ 2 but less than 3, one factor of -^ is 

dx 

positive and the other negative, and hence -^ is negative. The 
dx 

curve therefore falls toward the right for all values of x be- 

tvreen — 2 and 3. 

If x>3, -^ is positive, and hence the curve again rises 
dx 
toward the right for all values of ioS, 

As X passes through — 2 from left to right, -^ changes from 

positive to negative, and hence the point of the curve for which 
« = — 2 is a maximum point; i.e. (—2, 5^) is a maximurci point. 

As X passes through 3 from left to right, ^ changes from 
dx 

negative to positive, and hence (3, ~ 15^) is a minimum point. 

Figure 131 shows the curve plotted from these considerations 
and a few additiocal points through which it passes. 

The meaning of the dotted ciirve is explained in the nest 
article. 
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158. The first derivative curve. Tie facts of the preceding 

article are clearly bvought out graphically by plotting the curve 

of eq. (2), using x as abscissa and 




resented by 
comes 



convenience let -^ be rep- 
Then eq. (2) be- 



is above the a 



i, that ii 



This curve, being e 
is easily plotted. It crosses the 
a>axis at — 2 and 3, haa its vertex 
at (^, —^-^), and ita axis parallel 
to the y-asis {Art. 81). The locus 
is the dotted curve in Fig. 131. 

The original curve will be re- 
ferred to as the primitive curve, 
and the curve just described as 
the first derivative curve. 

From the relations established 
in the preceding article, it follows 
that for those values of x for 
which the first derivative curve 






; is positive, the primitiv 



curve rises toward the right; for those values of x, for which 
the derivative curve ia below the iB-axis, the primitive curve 
tails toward the right ; for a value of x at which the first de- 
rivative curve crosses the a^axis from above, in going from left 
to light, the slope of the primitive curve changes from positive 
to negative, and hence the primitive curve has a maximum 
point; and for a value of a: at which the first derivative curve 
crosses the x-axis from below in going from left to right, the 
primitive curve has a minimum point. 
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Moreover, the value of the ordinate of the first derivative 
curve gives ooe a good idea of the rapidity with ■which the 
primitive curve is risiag or falling.^ Thus, if for a certain 
value of «, the ordinate of the first derivative curve is positive 
and numerically lai'ge, the primitive curve is rising rapidly 
toward the light for that value of x; while if the ordinate of 
the first derivative curve is negative and nunierically small, 
for a certain value of x, the primitive curve is falling slowly 
toward the right for that value of x. 

This is at once evident on remembering that the ordinate of 
the first derivative curve is equal to the slope of the primitive 
curve for the samfe value of x. 

169. Concavity. Suppose that for x = Xa the first derivative 
curve has a positive slope. 

Let Zg, 2), and z^ be the ordinates of points on the derivative 
curve for the values x„,x„ — Ax, and 3% + Aa; respectively, and 
let Aic be chosen small enough so that }:,<Zt< z^.* 

Then, since the values of x are equal to the slopes of the 
primitive curve for the same values of x, the tangent to the 
pi-imitive curve must have turned counter-clockwise as x in- 
creased through Xy from 05, — Aa; to a;,, + Ax. This is true 
whether z^ be positive, negative, or zero. (See Pig. 132.) 

ExEBCiSE 1. In the curve j/ = a;^ + 2a; + 4 draw the deriva- 
tive curve, measure the ordinates &t x = 1^, 2, 3^, and draw 
the tangents to the primitive curve at points corresponding to 
the selected values of x. How would the tangent to the prim- 
itive curve turn as x increases through 2 ? Do the same for 
x = -2i,-2,-H. 

* This is pOEsible aiuca the slope of a curve at any point is the limiting 
value of the slope of a secant line through that point and a neigliboring point 
of the curve. The secant Hue, outtiag either to tlie right or left of the given 
point, can tlien be broi^t near enough to the tangent to have a positive slope, 
Bince the slope of the tangent is positive. The ordinates of the carve are 
therefore greater just to the right and less just to the left than the ordinate 
at the point of tangency. 
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1 X 




;^=P^ 



o Derivative Curve. h Primitive Curve. 

FiQ. 132. 

ExEKCiSB 2. Prove that if the devivative eui've has a nega- 
tive slope for a; = a^, the tangent to thij primitive curve turns 
clockwise as x increases through a^. 

ExEKCiSE 3. Illustrate the law stated in exercise 2 by using 
the curve y — — '^-\-2x — Z. 

, DjBFiNiTioNs, If the tangent to a curve turns counter- 
clockwise as the point of tangency moves to the right through 
a given point, the curve is said to be concave up at that point ; 
while if the tangent turns clockwise as the point of tangcncy 
moves to the right through a given point, the curve is said to 
be concave down at that point. 

A point on the curve where the curve changes from concave 
up to concave down, or ■wjce versa, is called a point of inflexion. 

As the point of tangency passes through a point of infleKion, 
the tangent line changes the direction of rotation. The cvirve 
crosses the tangent at a point of inflexion. 



Slope increasing 
toward the right. 
Curve concave up. 



Point of inflexioi 
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The results of this article may be stated as follows: Tor all 
values of X for which the first derivative curve is rising toward 
the right, the primitive curve is concave upward ; for all values 
of X for which the iirst derivative curve is falling toward the 
right, the primitive curve is concave downward ; for a value 
of X for which the first derivative curve has a maximum or 
minimum point, the primitive curve has a point of inflexion. 

160. The aeoond derivative. The derivative of a function 
of a variable is itself a function of that variable. This de- 
rivative may then also be differentiated. 



dx \dxj 

The derivative, — , is called the first derivative of?/ with re- 

spect to «, and — ( -^ ) is called the second derivative of y with 
dxKdxJ 

respect to x. 

The symbol ^2 is used to denote the second derivative of 

y with respect to x, thus — 2 = — -(^ j- 
" '^ dx" dx\dxj 



Similarly, ^ means ^Wf]\ etc. 



161. The second derivative curve. The second derivative is 
related to the first derivative in precisely the same way as the 
first derivative is related to the primitive function. But it 
also has an interesting and important relation to the primitive 
function, now to be explained. 
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Suppose the second derwative to be represented by a curve, 
using X for abscissa and —^ as ordinate. This curve is called 

the Beoond derivative curve. 

Then, for all values of x for which the second derivative 
curve is above the a^axis, the primitive curve is concave up ; 
for the ordinate of the second derivative curve is equal to the 
slope of the first derivative curve for the same value of x, and 
where the slope of the first derivative curve is positive, the 
primitive curve is concave up. (Art. 159.) 

In like manner' it is proved that for those values of k for 
vfhich tbe second derivative curve is below the avaxis, the 
primitive curve is concave down. 

For a value of a; at which the second derivative curve crosses 
the avaxis, the first derivative curve has either a maximum or 
minimum point, and hence the primitive ciu-ve has a point of 
inflexion. (Art. 159.) 

162. Summary. The results of the foregoing discussion of 
this chapter may be summarized as follows : 

For all values of x for which the first derivative curve is 
above the a>«xis, the primitive curve rises toward the right; 
for all values of x for which the first derivative curve is below 
the avaxis, the primitive curve falls toward the right; for a 
value of X at which the first derivative curve crosses the ic-axis 
from above in going from left to right, the primitive curve has 
a maximum point; for a value of x at which the first dei-iva- 
tive curve crosses the ai-axis from below in going from left to 
right, the primitive curve has a minimum point. 

For all values of x for which the second derivative curve is 
above the avaxis, the primitive curve is concave up; for all 
values of x for which the second derivative curve is below the 
as-axis, the primitive curve is concave down ; for a value of x 
at which the second derivative curve crosses the xe-axis, the 
primitive curve has a point of inflexion. 
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163. Illustrations. Example 1. Given 
y^sinic + S, 
then 









Thecu 
above s 



-sin a; 



'ea are shown in Fig. 134, and the relations established 
seen to hold. 
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The student should make a careful study of the figure. 

Example 2. As another illustration, study tlie curves of 
Fig. 131. The straight line in the figure represents the equa- 
tion fpy ~2x 1 

Example 3. A circular cistern is to be bnilt to have a 
given capacity; to find its dimensions in order that the 
amount of lining required will be a minimum. 

Let H — depth, D = diameter, and S = area of inner surface. 



Thei 



- depth, D = diameter, and S = 
4 



vol. : 



7-°' + 



C, where C is constant. 
40 
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Here S is expressed as a function of the variable D. Prom 
the equation it is at once evident that if D is very small the 
surface is very large, and is E^ain very large 
when D is very large ; while for intermedi- 
ate values of D the surface has smaller 
values. The cvirve which represents the 
equation between S and D therefore falls 
and then rises as D increases from 0, as in 
Fig. 135. There will therefore be a mini- 
mum point, which may be found by equating 



to the value of 



rlS 
" dD 



' Fig. 135. 



Equating this expression to 0, and solving for D, 



'<1t- 



replacing C by ^ 


- in the expression for — j-, and equating 


the result to 0. The 


„ 




i-iff^=». 


or 


i> = 2ff. 




EXERCISE XXXV 


Sketch the following 
tive corves. Locate s 
inflexion. 


mves, first sltetching the first and second deriva- 



, 3j( = a^_12K+e 



10 J = S jTi + 9 
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DERIVATIVE CURVES 18£ 

8, 30!; = o^-9);=+ 15Z-20. 13. y = sini + c(. 

9. y = x>-&a^x + b^. 14. y-l=(x-2y. 

10. y^x*. ^g xs 

11. y = x{a-x). ■ ^- x-i' 

12. y = CK>?+bx+c. le. Sy = x«-3x^ + 6x-l. 
17. 12 s = 8 x* - 8 3^ - SO a:' + 72 1 + 24. 

18. 8 J) = a:* - 8 ai2 + 8 a; + 16. 
19. In y = a3^ + hz + c, where « ^ 0, alww that there is a niaximun 
iiid a miTiimum point if & and a are opposite in sign, hut that tliere ii 
leither masiimmi nor minimum if a and 6 are of the same aign, or i 



Compare the curves obtained hy using the following values of a, b, and 

6 = — .0003, c = 3. If a > 0, and a and c are held fast while b is made 
to approach the limit from the negative side, what becomes of the 
maximum and minimum points ? If 6 then becomes positive, how is the 
tangent at the point of inflexion affected ? 

20. lny!=a3^ + b3^ + ox + d show that there is a jnaximum and a 
minimum point if 6^ — 3 ac > 0, but not otherwise. How does the case 
where 6^ -3 m = differ from that where 6* - 3 oc < ? 

21. The equation of the path of a projectile, fired at an angle « to the 
horizontal with an initial velocity F, is 

jl = a tan « J^^^ ^ ■ 

Pind the masimum height to wiiich the projectile rises. Ann. — ^^. 

32. Letting S ~ the range on the horizontal of the projectile described 

in ex. 21, show that B = ZlSB^, 
9 
Letting a vary, plot the curve which represents B as a function of 

«. Tor what value of a is JJ a maximum ? Ans. 7. 



23. Prove that the greatest rectangle of a given perimeter is a square. 

34. A cylindrical tin can, dosed at both ends, is to be made to have a 
certain capacity. Show that the amount of tin used will be a minimum 
when the height equals the diameter. 

25. Show that the rectangle of greatest area that can be inscribed in a 
circle is a square. 
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190 ANALYTIC GEOMETRY 

26. Given that the strength of a rectangular beam of giTeii length 
yarlea as the product of the breadth and the square of the depth, iind the 
ratio of depth to breadth of tlie strongest beajn that can be cut from a 
cylindrical log. Ans. ft = v^ ■ ft. 

37. Given that the deflection, under a given load, of a rectangulM 
beam of given length, varies inversely as the product of the breadth and 
the cube of the depth, find the ratio of depth to breadth of the beam of 
least deflection that can be cat from a cylindrical log. A>is. h= VS ■ b. 

Suggestion, Make the reciprocal of the deflection a maximum. 

28. A rectangular piece of tin of width 6 is to be bent up at the aides 
to form an open trough of rectangular cross section. Find the width of 
the strip bent up at each side when the carrying capacity is a maximum. 

29. Find the dimensions of the greatest rlf,'lit circular cylinder, the 
sum of the length and girth of which is d ft. 

Ans. ff = 3 ft., Diam. = i ft. 

30. Find the dimensions of the greatest rectangular box of square base, 
the sum of the length and girth of which is 6 ft. Ans. Length = 2 ft. 

31. Find the ratio of altitude to radius of base of the conical vessel, of 
open base, which requires the least amount of material for a given capacity. 

Arts. Alt. = V2 rad. 

32. A point moves along a straight line. At the time ( its distanc* 
from a fixed point of the line is s ; at the time ( + A(, its distance is 
8 + As. Then vr is the average velocity of the point for the time A(. 

As 
The limiting value of 77 . as At approaches as a limit, ia defined lo be 

the velocity, i>, at the time t. Hence c = — , 
r ve 8 = 10 {" find the velocity at any time t. 

33 The aieragp occeleril on, during an interval of time, of a point 
nov g n a stra gl t I ne s the increase in velocity during that time, 
1 v de 1 by the length of the interval of time. 

Make a lehn t u f r the acceleration at any instant, and show that 
the accelerati n s 

dt ' df' 
rind the acceleration if s = 16 fi. 
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34. Plot the curves representing the space, velocity, and acceleration, 
in terms of the time, if s = 16 f . 

35. Given s—afi + bt + c, where a, 6, and c are constant, show that 
the velocity in terms of the time is represented by a straight line, and that 
the acceleration is constant. 

38. The formula for the space traversed by a body projected vertically 
upward, with velocity % is 

s = v^-lQfi (sin ft., tin sees.) 

Find, hy diflerentiation, the velocity and acoeleralion of a l^ullet fired 
upward with initial -velocity of 1000 //s. 

Plot the curves representing space, velocity, and acceleration, in terms 
of the time. How high does the bullet go ? 

37. A point moves back and forth along a diameter of a circle of radius 
a, with simple harmonic motion (Art. 116), making n complew oscilla- 
tions per unit of time. If s is the abscissa of the point referred to the 
center, and the point is at the end of the diameter when ( = 0, show that 

s-«cos(2ff«l). 
Find also the velocity and acceleration at any time, and plot the curves 
for space, velocity, and acceleration. 

38. Since — («* + 0) is the same -as —(r^), how many primitive 

dx dx, 

curves are there whose first derivative curve is 

Sketch some of the derivative curves. How are they situated with refer- 
ence i« each other ? What Is the equation of the primitive which passes 
through (2, 6) ? 

39. Find the primitives of which "^ = cos x is the first derivative 



40. Find the primitive of which ^ = ^ is the second derivative curve, 
and which passes through (4, 1) with a slope equal to 8. 

41. Show that for the second derivative curve^ = a, a primitive may 
be obtained which passes through any given point in any given direction. 
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CHAPTER XIII 



THE CONIC SECTIONS 

164. Definition of tlie conic. A conio aeotion, or simply 
conic, is tlie curve of intersection of the surface of a right cir- 
cular coue and a plane. It can be shown, however, that the 
following definition is equivalent to the one just given. 

Definition. A conic is the locus of a point which moves 
in a plane so that the ratio of its distance from a fixed point 
in the plane to its distance from a fixed straight line in the 
plane is constant. 

This definition will he adopted here. 

The fixed point is called the focus, the fixed straight line the 
directrix, and the constant ratio the eccentricity, of the conie. 

165. Construction of conies. Let F be the focus, DD' the 
directrix, and e the eccentricity. Let P be any point on 

the conic, and J/ the foot of the 
perpendicular drawn from P to 
L the directrix. Then, by defini- 
tion of the conic, 
FP ^ 
MP ' 
(The lines FP and MP are to be 
counted as positive, whatever 
their direction.) 

This suggests the following 
method of locating points of the 
conic : Through F draw a line 
FB perpendicular to DD', intersecting DD' in S. Through B 
draw a line J5i, making an angle $ with BF sucli that 
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BF through H meet BL in K. Then, ^^ = tan « = e. With 
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tan 8 = e. Take any point if on BF, and let the perpendicular to 
HK ^ 
' BH 

F as a center and a radius equal to SK, describe an arc of a, 
circle cutting HK hi J* and P'. The points P and P' so ob- 
tained are points on the conic. 

In this manner, as many points as desired may be obtained, 
and the conic sketched by drawing a smooth curve through 
them. 

Evidently they lie in pairs which are symmetrical with FB 
as an axis of symmetry. This line FB is called the axis of 
the conic. 

166. Vertices of a oonic. The points of the conic which lie 
on the line through the focus pei-pendiculai' to the directrix 
are called the vertices of the conic. 

To obtain these points, draw lines through F inclined 45' 
and 135° to the line BF. From the points of intersection of 
these lines with BL drop perpendiculars to BF. The feet of 
these perpendiculars are the vertices, as the student can easily 
show. 

If e = 1, there is only one vertex, but if e ^ 1, there are two 
vertices. 

The iigures on the following pages show conies constructed 
for e = I, e = 1 , and e = f . 

EXERCISE XXXVI 

1. Plot in different figures tlie conies for e = ^, e = 1, e = |. 

2. Plot in Uie same figure, using tlie same directrix aud focus for all 
the carves, tlie conies tor e = .9, 6 = 1, e = l.l. 

3. Assume a uuit of distance, and tailing the d 
directrix to be 1, 2, 4, 20, respectively, construct the c 

4. Same aa example 3 for e = |. 

5. Same as example 3 for e = f. 

6. Prove that the conic is tangent to the Line BL a 
BL and a line througli F parallel to the directris. 
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167. Classification of conies. From the constructions already 

made, it is evident that the general shape of the conic depends 

upon the value of e, and that the conies may be i3ivided into 

three classes, according as e < 1, e = 1, or e > 1. 

A conic whose eccentricity is less than 1 is an ellipse ; one 

of eccentricity equal to 1, a parabola ; 

'^ and one of eccentricity greater than 1, 

■Ml hyperbola. (See footnote, Art. 171.) 

168. The equation of the conic in rec- 
tangTilar coordinates. Let the directrix 
be taken as j/-axis and the line through 
the focus perpendicular to the directrix 
as the avaxis. Let the distance from the 
directrix to focus be p. Then the co6r- 
dinates of F are {p, 0). Let P(x, y) be 
any point on the conic, and MP the distance from P to the 
directrix. Then, from the definition of the conic, 




Fto") 



FP 
MP 


e, or 


FP= eMP. 


FP= 


. {x^pf + f = 
-2pae + y^ + p^ = 



This is, therefore, the equation of any conic when the ?/-axis 
is the directrix and the iC-axis is the line through the focus 
perpendicular to the directrix. 

169. The parabola, e = 1. In the equation just found let 
e~l. The conic is then a parabola. The equation reduces to 

y^ = 2px-p\ 
This equation of the parabola was obtained in Art. 75, and 
from the same definition as here used. The equation was dis- 
cussed in that place. The student should review Ai'ts. 75-78 
at this time. 



y Google 



THE COKIC SECTIONS 197 

170. The centric eonios. e^l. In the eqiiation of Art. 168, 

divide liy the coefficient of a^ and then complete the square in 
the terms containing x, 

3-8 ^P X \ ^' I ^'^ - P' P^ - P'e^ 



e^/- 



^(1-e')' 



which transforms to parallel axes through ( — ■-— , ). 

Vl - « / 
(Art. 52.) The equation then becomes 

l~e= {l-,y 

Dividing by the right-hand member brings the equation into 
the form 

-^ + J^=l. (A) 

(1_^. l_e- 

Since this equation contains only even powers of x and y, 
the curve is symmetric with respect to both coordinate axes, 
and hence with respect to the origin. The origin may there- 
fore be called the center of the conic, and the conic called a 
centric conic. 

Also, since the conic is symmetric with respect to the center, 
rotation of the conic in its own plane thi'ough 180° about its 
center will bring the conic back into its original position, hav- 
ing merely interchanged the points. Let the conic, together 
with its focus and directrix, be thus rotated. The focus and 
directrix are brought into new positions which are symmetric 
with respect to the center. They have remained focus and 
directrix of the conic, however, and since the new position is 
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the same aa the old position they must be focus and directrix 
of the couic in its original position. 

Therefore eveiy centric conic has two foci and two direc- 
trices. 

They are respectively symmetric with respect to the center. 

171, The ellipse. e<l. In eq. (A) of the preceding article, 
the divisors of x'^ and y'^ are both positive if e < 1. i'or con- 
venience let 

Substituting these values in eq. (A) and dropping primes, it 
becomes 



3 the standard form of the equation of the 



172. Axes of the ellipse. Letting j/ = 0, the intercepts of 
the ellipse o:i the K-axis are found to be a and — «. The 
intercepts on the y-axis are 6 and — 6. 

The length 2 a is called the major axis, and 2 h the minor 
axis. 

The relation connecting a, b, and e is found from eq. (1) of 
the preceding article to be 

This equation shows that a> b. 

» In Art. 83 the ellipse was defined in an altogether different way. The 
equation of the ellipse derived from tliat definition and that jnst derived 
are, however, the same, which proves that the two detinitiona are equiva- 
lent. The property of the ellipse used in Art 83 as a definition will be 
Bhown in a succeeding article to follow from the deflnition used In this 
chapter. 

A like remark applies to tlie hyperbola. 
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Fig. 139. 
The abscissa of the new origin referred to the old in the 
transforniations of Art. 170 is -^ ^ ; i.e. 
B0 = :-^- 



Also FO^BO- BF= -p^ -p = -^, 
or FO = as. 

The relation a^{l — e^) = 6^ may be written aV = a^— 6', 
from which 

Q'herefore if the end of the minor axis be taken as a center 
and an arc described with the semi-major axis as a radius, this 
arc will cut the major axis in the focus. 

173. Sununary, In an ellipse whose major axis is 2 m, 
minor axis 2 b, and eccentricity e, the following relations hold : 

ae = distance from center to focus, 
* = distance from center to directrix. 
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174. The hyperbola, e > 1. In eq. (A), Art. 170, the divisor 
of y''^ is negative if e > 1. Let then 

Then both a and b are reah 

Substituting these values in eq. (A) and dropping primes, it 
becomes 



This is known as the standard form of the equation, of the 
hyperbola. 

(See also Art. 87, and the footnote to Art. 171,) 

176, Axes of the hyperbola. Letting ?/ = 0, the intercepts 
on the a>asis are seen to be a and — a. If a: = 0, ?/ is imaginary. 




Hence the curve does not cross the ?/-axis. 
The length 2 a is called the transverse axis, and 2 6 the o 
jug:ate axis. 
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The relation, connecting a, ft and e is V = a? (e' — V), or 

a'e'^a' + bK 
This shows that ft = a according as e = -^2. 
As in the ellipse, the abscissa of the center referred to the 
old origin, on the directrix, is ^^- — -, which is here negative, 
since e > 1. 

■■• BO~-J!-,. 



Now 



f'-l 



Since ae = -y/a? + h^, the focus may be obtained by using the 
center of the conic as a center and the hypotenuse of the right 
triangle whose sides are a, and 6 as a radius and describing an 
arc to cut the major axis produced. 

176. Summary. In aii hyperbola of transverse axis 2 a, con- 
jugate axis 2b and eccentricity e, the following relations hold: 

ae = distance from center to focus, 
- = distance from center to directrix. 

Compare Art. 173. 
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EXERCISE XXXVII 

1. Derive the equation of the parabola wliose direotris is the line x = S, 
and whoae foeus is (2, 3). 

3. Derive the equation of an. ellipse vjliose directrix is the line y = i, 
fooTis at (0, 2), and center at (0, — 1). 

3. Derive the equation of the hyperbola of eccentricity 3, with focus 
at (0, 4) and the line K = 2 aa directrix. 

4. Wliat is the eccentricity of the equilateral hyperbola ? 

5. Keeping the major axis unohanged.plot ellipses with eccentricity .1, 
.6, .». 

What limiting position do the foci approach as the eccentricity ap- 
proaches the limit ? What is the limiting form of tlie ellipse ? 



177. The equation of the conic in polar coordinates, 
(a) Origin at the focus. Taking the origin at the focus and 
the initial line perpendicular to the di- 
rectrix, the polar equation of the conic 
is easily written. 

Let P(r, ff) be any point on the conic 
andJtfPthe length of the perpendicu- 
lar from /' to the directrix. Then, by 
, the definition of the conic, 
FP^eMP. 



from which 

y 

1 - e cos e 

If the focus lies to the left of the 
directrix, then 

PM=p-rcos.9. 
.: r = e(p — r cos 6), 
from which 

~ I + e cos e 
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(S) Origin at the center. Por the centric conies the equa- 
tion ia rectangular coordinates is 



t j-t- 



the upper sign being for the ellipse, the loi 
hyperbola. 

Change to polar coordinates by means of 
a; = J- cos $, 
y~r sin &. 
Substituting and clearing of fractions, 

i-'ft' cos^ ± i^oj' sin'5 = o^h^, 
from which 



This equation may be expressed in a somewhat simpler 
form in terms of the eccentricity and b. For convenience con- 
sider separately the equation of the ellipse. It is 

^, "V ^ ■»''■' 

b' cos^S + a- sin^fl h^ cos^^ + a\1. — cos^S) 



Similarly for the hyperbola the equation 
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EXERCISE XXXVni 
of the following ooQics and sketch them: 



9. Show that if the vertex of a parabola is taken as origin and. the 
isis of tbe parabola as the initial line, tlie equation, in. polar coGrdinates is 
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CHAPTER XIV 



PROPERTIES OF CONICS 



178. In this chapter a few of tlieii 
of the conies are derived. 



mpoi'tant properties 



T. PKOPERTIES OF THE PARABOLA 

179. Subtangent of the parabola. In Art. 130 the equation 
of the tangeTittotheparabolay^ = 2p;i!at {9!o- J/c) wasfound tobe 

Letting y = in this equation, there results x= — x„, 
le. 0T= -^(Fig. 143). 
.-. TO = x„. 

The line TM is called the 
subtangent. 

180. The subnormal of the 
parabola. The slope of the nor- 
mal to the parabola y" = 2px 
at the point (% j/o) is the 
negative reciprocal of the slope 
of the tangent at that point; 
i.e. the slope of the normal 
normal is therefore 




Fig, l^. 
IlM.<\ The equation of the 



y-y.= -^"{^-x.)- 



yGoosle 
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To find where the normal cuts the a!-axis, let y = 0. The 

I.e. in Fig. 143. Off= x^+p. 

MN=p. 
The line MN is calleii the subnormal. 

Heiine, in the parabola the subno'nnal is constant and equal to pi. 

181. Property of reflection of the parahola. In Tig. 143, 
Art. 179, from the definition of the p 



FF=£IP=^ + x^ 



Also 



TF: 



■- TO + OF = x,+^^- (Art. 179.) 



Then 



FP^TF. 

I. FPT = Z FTP = A TPIt. 

Let PL be drawn parallel to the axis of the parabola. 

AFPT^ALPq. 

Hence, if the parabola were a reflector, any ray of light from 

the focus striking the parabola and reilected so as to make the 

angle of reflection equal to the angle 

of innidence would be reflected along 

~ a pai'allel to the axis of the parabola. 

A concave reflecting surface in the 

Zl form of a surface generated by re- 

— volving a parabola about its axis 

\ would therefore reflect all rays from 

a, source at the focus in lines parallel 

to the axis of the reflector. 

Definition. The chord of a conic 
which passes through the focus, per- 
pendicular to tlie axis of the conic, is 
called the latus rectum. 
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EXE&CISE XXXIX 



1. By means oi the result found in Art, 179, sliow how to draw a tan- 
gent at auy point o£ the parabola. 

2. Prove that the tangents at the ende of the latus rectum meet at the 
intersection of tlie directrix and the asis of the parahola, and are at right 
angles to each other. 

3. Prove that the distance from the focua of a parabola to a tangent is 
half the length of the normal from the point of tangency to the axis of the 
parabola. 

4. Prove that any point P of the parabola and the intersections ot the 
axis of the parabola with tangent and normal at P are all equidistant 
from the focus. 

5. Prove that the tangentat any point of a parabolameetB the directrix 
and latus rectum produced at points equally distant from the focus. 

6. Show that the normal at one extremity of the latus rectum of a 
parabola and the tangent at the other extremity are parallel. 

7. Show that the directrix of a parabola is tangent to the circle described 
on any chord through the focus as a diameter. 

8. Show that the tangent at the vertex of a parabola is tangent to the 
circle described on any focal radius as a diameter. 

9. Prove that the angle between two tangents to a parabola is equal to 
one half the angle between the focal chords drawn to the points of conla<!t. 

10. Prove that the tangents at the ends of any focal chord of a parabola 
meet on the directrix. 

11. Prove that the length of the latus rectum ot the parabola y^ = 2px 
is 2 p. 

12. Prove that if from a point (ko, Bo) two tangents are drawn to the 
parabola, the equation of the line through the points of tangency is 

13. By means of the preceding example prove that if tangents are drawn 
to the parabola from any point on the directrix, the line through tlie points 
of tangency passes through the focus. 

14. Prove that in the parabola y^ = 2px, the ordinate of the middle 
point of a chord of slope mis — , and hence that the locus of the middle 
points of a system ot parallel chords of slope m is the straight line y = — ■ 
Draw the figure. 
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Dbfinition. The straight line which bisects a system of parallel 
chords of a parabola is called a diameter of the parabola. 

15. rind the equation of the diameter which bisects all chords of slope 
m in the parabola a^ = 2py. Ans. x = mp. 

16 Transform Uie equation of the parabola y"^ = '2, px to the tangents 
■s of the latus rectum as axes. 



StiGOEBTinN F)r?t, moving to parallel axes through ( — ^, 0), the 
equation becomes 

J,2 = 2 pK - p=. 
Nest, rotating the axes through — 45°, the equation becomes 
x-'-2xy + !/2- aVf^Car + y) + 2p^ = 0, 
which becomes a perfect square on the left by the addition of 4 ny. 

Then extract square root, transpose, extract square root again, and 
obtain 

■v^ ± Vj; = ± Vjii/a, 
or Vi±-^y-±V~a, 

where a =^^2. 

17. Plot the curve 

x^±yh^± (ti 
What portions of the curve correspond to the different combination of 



188. Focal radii of the ellipse. Lot /"(ai,, ya) bn any point of 
the ellipse of aemi-axea a and li, and let r and r' be the radii 
from the foci F and F' to P. 

Through P draw a line parallel to the major axis of the 
ellipse, meeting the dii'ectrices in M and M'. Then from the 
definition of the ellipse, using the left-hand focus and directrix, 



M'P 
= eM'P= 



'M^ 
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Similarly, using the right-liaiid focns and directrix, 
r = ePM~ el~^xA—a~ exa- 
Adding, »• + f' = 2 «. 

Hence the sum of the focal radii of a point on the ellipse is 
constant, and equal to the major axis of tlie ellipse. 




183. Focal ladii of the hyperbola. In a manner similar to 
the above the student can show that in the hyperbola the focal 
radii arc r = ea^> + a and r' — ea:„ — a, and hence 



184. Property of reflection of the ellipse. The focal radii to 
any point of an ellipse make equal angles with the normal to 
the ellipse at that point, 

Pkoof. In Art. 130, the equation of the tangent to the ellipse 



at (iB,,, j/o) was found to be 

^j + Wo^l. 
a- Ij- 

The slope of the normal at (»„, )/o) is therefore '^^, and the 
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equation of the normal is 

lu this equation let y = and solve for x, 

a! = 3Vi — — ^ = — ■ T — X|| = e*iHj. 
a^ or 

ON-=e\. 
F'N= ae + e% = e{a + ea^), 
and NF=ae—^ = e{a — exa). 

NF a-exa r ^ ^ 

Therefore by plane geometry, jCF'PN= /. NPF, which 
proves the theorem. Hence if the ellipse served as a refleotoi, 
a ray of light, or sound, emitted at one focus would be reflected 
to the other. 

■ It is on this principle that whispering galleries are some- 
times constructed. 

185. Property of reflection of the hyperbola. Tn the hyper- 
bola the focal radii to any point of the curve make equal 
angles with the tangent at that point. 

The proof ia left to the student. 

186. If a line is drawn to cut the hyperbola in two points, 
the two segments of the line included between the hyperbola 
and its asymptotes are equal. 

Peoop. The equations of the hyperbola, its asymptotes, and 
any line are, respectively, 

6V-ay = a=6^, (1) 

&=ar'-aY=0, (2) 

and J/ = ma; + «■ (3) 
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Let the points of intersection of line and hyperbola be 
P\{^u Vi) *i"i P^i^e^ yi), and of line and asymptotes be Qi{x,', y/) 
and Qsixi,', )/s'). 

Substituting the value of y from eq. (3) in eqs. (1) and (2) 
respectively, and coUeeting terms, there results 



(6^ - a^y - 2 a'mcx - a\o^ + fe^= 
and (b ■— (ihn?')3? — 2 ahiicx — aV = 0. 



(5) 



The roots of (4) are x, and x^, and of (5) are x," and x^'. 
Now in any quadratic equation the sum of the roots is equal 
to minus the coefBcient of the first power of the variable 
divided by the coefficient of the second power ; and since the 
first two terms in eqs. (4) and (5) are the same, therefore 



But ^-±3 and S_±L^ are respectively the 
middle points of P,Pi and QiQj. 




.', the middle points of PjP^ and Q,Qi coincide. 

Q,P,^Q,P,. Q.E.D. 
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EXERCISE XL 

1. Prove that the length of tlio latus rettum of an eiiipse or an hyper- 

2. Pr e that th t ii£,eiits at the extremities o£ tlie latus rectum of 
an ellipse hjpe b 1 i te -sect on the directrix. 

3. Prove that th In drawn from the focus to the intersection of a 
tangent and the dire t is of an ellipse or hyperbola is perpendicular to 
the line f om the f us to the point of tangency. 

4. A circle is drawn on the major axis of an ellipse as a diameter. 
A perpendicular to tie major axis meets the ellipse and circle in J* and 
Q respectively. Prove that the tangents drawn at Pand § Intersect on 
the major axis. Hence show how to construct a tangent to an ellipse at 
a given point. 

6. Show that the distance from the focus to an asymptote of an 
hyperhola is equal to 6. 

6. Pfove that the product of the perpendiculare from any point of an 
hyperbola upon the asymptotes is constant, and equal to ^ ■ 

7. Prove that the product of the perpendiculars from the foci upon a 
tangent to the ellipse is equal to the square of the semi-minor axis. 

8. State and prove a like property of the hyperhola. 

9. Prove that if tangents are drawn to the ellipse 3 + ^ =^ ^ *'''>™ ^^ 
exterior point (%, y^), the equation of the line through the points of tan- 
gencyis^ + M=i. 

10. Prove the statement in example 9 to be true for the hypprbola, 
with proper changes of sign. 

11. Prove that if tangents are drawn to an ellipse or hyperbola from 
any point on the directrix, the line joining the points of tangency passes 
through the focus. (Use examples 9 and 10.) 

12. Through a fixed point within a given circle, a circle is drawn tan- 
gent to the given circle ; prove that the locus of its center is an ellipse. 
Draw the figure. 
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13. A line y^mx + a cuts the ellipse 6%^ + a^ = a=i3 ; prove that 
if (xi, yi) is the middle point of tlie olioi'd, then 

14. From the preceding esample, by eliminating c, prove that the 
locus of the middle points of a system of parallel chords, with slope m, of 
the ellipse is the straight line 

6' ^ 

This line is called a diameter of the ellipse. 

Pivave that any line through the center of an ellipse is a diametei'. 

15. Show that if two lines through the center of the ellipse 

&%« + aV = o^6^ 
have slopes m and m' such that mm' — — ■^, then each line bisects all 
chords parallel to the other. 

Draw two such lines. 

Two such lines are called conjugate diameters. 

16. Prove tliat in the hyperbola ~ — ^ = 1 "le equation of the locus 
of tlie middle points of a system of parallel chords of slope m is 



i 6=^ + aV = a^6^ a 



conjugate diameter are9;=±^, y = T — . 

18. If a' and 6' are the lengths of two conjugate semi-diameters of 
the ellipse, prove that a'^ + b'^ = o* + 6^. (Use example 17.) 

19. Prove that the tangent at any point of the ellipse is parallel to the 
diameter which is conjugate to the diameter through tlie given point; 
and hence that the tangents at the eKtremitiea of two conjugate diameters 
form a parailelogram. 

30. Prove that the area of the parallelogram formed by the tangents 
at the estramities of two conjugate diameters of an ellipse is constant, 
and is equal to i ab. 

SueGESTioN. The area in question is 8 times the area of the triangle 
whose vertices are (0, 0), («<,, j/o), and /^, - ^\ . (See example 17.) 
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CHAPTER XV 

THE GENERAL EQUATION OF SECOND DEGREE IN TWO 
VARIABLES 

187. In the preceding chapters certain equations of second 
degree in two variables have been studied. It will now be 
shown that every equation of second degree in two variables 
with real coefficients is the equation either of one of the conica, 
a circle, a pair of sjtraight lines, one straight Hue, a point, or 
else the equation has no locus. 

Moreover, the conditions which the coefficients must satisfy 
in the different oases will be established. 

188. The general equation of second degree in a; and y is 

ax'^ + bxy -i- cy^ -^ dae+ei/ +f=0. (1) 

Let the origin be moved by a translation of axes to the point 
(k, h) by means of the formulas 

x^x' + h, 
y ^y' -Ih. 
Equation (1) then becomes 

ax" -f- bx'y' + tiy'^ + d'x' + e'y' +/' = 0, (2) 

where d' = 2ah-\-bk + d, (3) 

e'-:W( + 2cfc + e, (4) 

f = oJi^ + bhk + cTi? + dh-\-ek+f. (5) 

Equation (2) will be simplified if h and k can be so chosen 
that d' = and &' = 0. Putting d' = and e' = and solving 
for h and fc, 
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These values of h and k are deiinite finite values unless 
6" — 4ac = 0, ill which cases there are no values of h and ft 
that make d' = and e' = 0. 

Hence there are two cases to considei', I, 6^ — 4 «c ^ 0, and 

Case I. 62-4«c^0. 

189. Removal of the terms of first degree. Consider first 
the case where l/ — Aac^(i. Then if h and h have the values 
shown in eq. (6), d' and e' are both zero, and eq. (2) becomes 
• 0^"' + hx'y' + cy'"- +f = 0. (7) 
The value of /' can be obtained by substituting the values of 
h and h from (6) in (5), but more easily as follows : Multiply 
eq. (3) by h, eq. (4) by k, and add. The result is 

d'h + e'k = 2 ah^ + 2 67ifc + 2 cF + dh + eh. 
To both membei-s of this equation add dh + eA; + 2/. Then 
d'li-\-e'h-\-dh -k-ek-\- 2f=2{ah^ + bhk + cft^ + rffi + eS:+/)=2/ 
or 2f = dh. + eh-\-2f, since d' = e' = 0. 

Substituting the values of S and le from eq. (6), 

„ _ - (4 CTC/+' bde -ae'-cd^ -fif') ,g. 

The quantity in the parenthesis is of importance in what fol- 
lows. For co:ivenience let it be denoted by a single letter, H; 

S= 4 ai?/ + bde -tte^- cd' - fV^. 
Also let I>s6=-4«c. 

190. Removal of the term in any. Equation (7) may be re- 
duced to one lacking the a.T/-term by a proper rotation of the 
axes. 

Let k' ~ x" cos Q — y" sin 6, 

y' T= x" sin B + y" cos &. 
Substituting these values in eq. (7), it becomes 

a'x'''-\-h'x"y" + cY'-\-f' = 0, (9) 
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where 

a' = a cos^ 6 + ft cos S sin ^ + G sin^ 0, (10) 

i' = — 2 « cos S sin 6 + & (cos^ 6 ~ sin' 6) + 2 c eos ^ sin 6, (11) 
c' = a sin' 6 — ism. 9 cos ^ + c cos^ Q. (12) 

Now let S be so chosen that &' = 0, i.e. let 

6 (cos^ ^ - sin^ &)=2{a — c) cos sin 6, 
or 6cos2e = (a~c) sin 2^, 

or tan 2 e = — ^- (13) 

Since the tangent of an angle inay have any real value, it is 
always possible to choose 6 so that b' — 0. 
With this value of $, eq. (9) becomes 

«'«;'" + c'y'"+/' = 0. (14) 

191. LooTlS of the equation. The nature of the locus of eq. 
(14) depends upon the signs of a', c', and /', and these signs 
depend upon the original coefficients of eq. (1), 

To determine the signs of a' ajid c' one may proceed as fol- 
lows : Using the relations 

2 sin 8 cos 6 = sin 2 9, 

2 eos^ 9 = 1 +aos20, 
2 sin' 9 = 1 - cos 2 0, 
eqs. (10) and (12) may he written 

2a' = a + a -i-b sin 29 + (a- <:)eos 28. (15) 

2c' = M + c-6 sin 2e-(t[-c) cos 2e. (16) 

Adding, a' + c' = a + c. (17) 

Subtracting, a' — c' ~b sm29 + (a — c) cos 2 0. 

From equation preceding (13), 

6 cos 2 ^ - (a - c) sin 2 9 = 0. 
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Square and add. 

& ain 2 e + (a - c) cos 2 ^ = ft' - c', 
and 6 cos 2 e - {a~c)&m20 = 0, 

and there results 

b^+(a-cy = (a'-cr-. 
From (17) (a + cf - («' + c'y. 

Subtracting, 4 a'c' = 4 ac - b\ (18) 

Since 4 wc — 6' ^ 0, neither a' nor c' can be Kero. Eq. (14) 
may therefore be written, since from eq. (8), /' = — -, 

^ + ^ = 1, ifif^O, (19) 

or a'a!"= + c'j/™ = 0, if/f=0. (20) 

Two cases must here be considered. 

(1) 1X0, i.fl.4ac-&2>0. 

Then neither « nor c can be zero, and a and c must be of like 
signs. It follows also from eq. (18) that a' and c' must be oJ 
like signs, and hence of the same sign as a and c, by (17). 

Therefore, if :^< the locus of (19) is an ellipse if a' ^ g', 
and a circle if a' = c'. 

If :^ > 0, eq. (19) has no locus. 

Equation (20) is satisfied only by the point x" — 0, ^" = 0. 

(2) I»0, i.e. 4mc-6=<0. 

It follows from (18) that a' and c' are of opposite signs. 

Equation (19) is therefore the equation of an hyperbola 
whether If is positive or negative. 

Equation (20) can be factored, and its locus is therefore the 
pair of intersecting straight lines 

Va^x" + V^'^y" = 0, Vffl'a;" - V- c'y" = 0. 
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192. Condition that eq. (1) represents a circle. It was shown 
in the preceding article that the locus of eq. (1) is a circle when 
i>< 0, — < 0, and a' = c'. The third of these conditioas can 

be expressed in terms of the original coefficients of eq. (1) as 
follows i In (17) and (18) put a' = c'. Then 

and 4 «'^ = 4 ac — b\ 

Substituting in the second of these equations the value of a' 
from the iirst, there results 

(»-«)' + »■=»■ 

This can he satisfied by real values of a, b, and c when and 
only when a = c and 6 = 0. 

Hence the conditions that eq. (1) represents a circle are 

i_><0, ^<0, 6-0, and a- c. 

Case XL 6=-4«c=0. 

193. Pass now to the case where 6^ — 4 ac = 0. In this case 
not both ffl and c can be zero, for then 6 would be zero and eq. (1) 
would be only of the first degree. Moreover, a and c must be 
of the same sign if neither is zero. Assume at first that sign 
to be positive. Then eq. (1) may be written 

aa? ± 2Vacxy -{- cy' + dx + ey +f~0, 
or {-\/ax ±Vcyy + dx + pjj+f=0, (21) 

the ± sign being chosen according as b is positive or negative. 
In this formula Vo and Vc are real and positive. 
Choose now an angle $ such that 

Va = ^ cos e, ± Vo = ^ sin $. (22) 

Squaring and adding, 

fc = Vr+l, ;fc > 0. (23) 
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Then Vax ± ^ly = fc (m cos fl + y am ff). 

Transform now to axes which make the angle $ with the axes 
a; and y, for which the formulas of transformation are 
X — x' cos 6 — y' sin 0, 
y = x' sin ^ + y' cos 6. 
Then a: cos ^ + ?/ sin P = x', and eq. (21) becomes 

ft%" + d'x' + e'lj' +f= 0, (24) 

-where d' = d cos fl + e sin d, (25) 

e' = - (? sin + e cos ft (26) 

If e' ^ eq. (24) may be written 



This is of the form 

y = ax^ + bx + c 

which in Art. 81 was seen to be the equation of a parabola. 
If e' = eq. (24) becomes 

;tV^ + ^V+/=0. (28) 

This is a quadratic in x' alone. It is satisfied by 



-d' ± -Vd'" - 4 kf 



Hence eq. (28) is the equation of two parallel lines, c 
has no locus according as 



194. Evaluation of e' and of d'^ — ilc^f. The quantities e' 
and d'^ — 4 sy of the preceding article may be expressed in 
terms of the coefKcients of eq. (1) as follows : From (26) and (22) 
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Sow since D = ; 6^ = 4 ac, and H bi 
H = bde — (m^~c<P 

= ± 2 Vac ■ de — ae' — GfP 

or, from (29), N= -fc'e'l (30) 

.". e' vanishes or does nob vanish according as // does or does 

not vanish. 

Again, from (2fi) and (22) 

and hence d"^ — 4F/=i((iVa ±ev'c)^-4Ff 

= |[<Mi^ ± 2 deV^c + e=<3 - if (a + c)=]. 
But if e' = 0, then eVa= ± dy/c, from eq. (29). 
.-. ,i'=-4/.y=ir«d> + 2d=c + ^-4/((t + c)^1 

^ (« + e)^ d^-4q/ - 
ft^ o. 

= ^«(rf=_4a/). 

Hence the sign of d'^ — 4fty is the same as the sign of 
d^ — iaf. Therefore if D = Oand a is positive, the locus of 
(1) is a parabola if S^O, and is two parallel lines, one line, 
or there is no locus according as 

d^~iaf=0,iiir=0. 
< 
If a is negative, eq. (1) may Ise divided by — 1 and then the 
above conditions hold if each coefficient in H and d' — iaf is 
changed in sign. This, however, only changes the sign of S 
and does not affect at all d^ — 4 af. The above conditions hold, 
therefore) whether a is positive or negative. 



y Google 



THE GENERAL EQUATION OF SECOND DEGREE 221 

If a = 0, then & = 0, and c # 0. Eq. (1) then reduces to 

cf + d^-\-ey+f=% (31) 

or dxT= —cf — ey—f. 

Thia ia a parabola if d ^ 0. 

When a = b~0, H becomes — cd% and since c^O, II van- 
ishes or does not vanish according as d does or does not vanish. 
If H=0 eq. (31) becomes 

cy^ + ey+f^O, 
■which is satisfied by 

" 2c 

the locus of -which is two parallel lines, one line, or there is no 
locus according aa 

< 
195. Summary. The nature of the locus of the general 
equation of the second degree 

«»' + bxy -f cj/" + d* + ey +/= 
-is shown in the following table, in which 

Hs 4 acf+ bde - ae^ - cd= -fbl 
( all < ellipse, reducing to a circle if 6 = ana a = c, 
D < j aH > no locus, 
[ 7/ = a point. 
H^O hyperbola, 

II =0 two intersecting straight lines, 
II ^0 parabola, 

a =^ two parallel lines, one line, or no locus 
according as if—iaf^ 0, 
= two parallel lines, one line, or no locus 
according as e^ — 4 c/ = 0. 



D>0 
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EXERCISE XLI 



Apply the above test to determine tha nature of the looi of the follow- 
ing equations. 

1. x^-2xy + 3y-' + 23i-y + 3=0. 

2. 3x^-ixy + y''-x-i-2y~l = G. 

3. S3?-i-5xy-2y^^3x + y^0. 

4. Qa?~(ixy+'^-3x + y-2 = 0. 

6. :^-xy + y'' + 2x+y + 2 = 0. 

8. ia?-ixy + y^ + ix~2y + 2 = 0. 

9. ix^-12xy + 9y^ + x-y + l=fi. 

10. 8x^-xy-y^ + x^^y + l = 0. 

11. Show that the locus ol 2x^-2xy + y^ -5r, + y + f=0 is an 
ellipse, a point, or there is do locus, according as / is leaa than, equal to, 
or greater than ^. 

12. Show that the locus of aai)' + bxy + cy^ = is two intersecting 
lines, one line, or a point, according as 6' — 4 oc is greater than, equal to, 

13. Show that the locus of xy + dx -i- ey +/= is an hyperbola except 
when/= de. What is the locus then ? 

14. In the equation (Ix + my + h)^ + px + qy + T = show that D = 0, 
and that M= — (tnp ~ Iq)^, and hence that the locus of the equation is a 
parabola except when - = — ■ What is the locus then? 
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CHAPTER XVI 
EMPIRICAL EQUATIONS 

196, Statement of the problem. It is sometimes desirable to 
find an equation of a curve di'awn through points determined 
by pairs of corresponding vaJuea of two variable quantities. 
Frequently these values are found by experiment, and the 
general law which they satisfy may be known or suspected. 
The following illustrations will show how, in some of the 
simpler cases, the law may be tested and the constants of the 
equation determined. 

The more difficult problems of this nature can be treated by 
the use of Fourier's spries i mctliod of wide application but 
too difficult to discuss 1 eie 

197. Points lying on a stiaight line 11 p im^le t 1.6 thit 
occurs is that wlaeie the prints whose c oidnates ■vre the two 
measured quantities he on or appioximately on a atiaight 
line. In thi'^ case one has only to select the straight line 
which aeems to best fit tie points and wiite its equation 
The equation of this line is then the equation connecting the 
variables if the same scile has been used thrjughoit In 
plotting the points howe\ei any convenient scales may be 
used, and the equation of the line wiitten with anj other seals 
that is desired The two cooidinates in the equation of the 
line mufat then be expiessed in terms of the two variables be- 
tween which an equation is sought. The substitution of these 
values in the equation of the line gives the desired equation. 

ExAMiTiS. The extension of a certain wire when loaded 
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was observed to be as shown m the following table, where E is 
the elongation in inches, and W is the load in pounds. 
TT 1 2 3 . i 5 7 10 12 15 18 
E .12 .23 .34 .46 ,58 .80 1.16 1.39 1.74 2.09 
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On plotting the points whose coordinates are the correspond- 
ing values of E and W, they are seen to lie approximately on a 
straight line. The line which seems to best fit the points 
passes through the origin and the point (38, 22). The equa- 
tion of this line is therefore y — — x. But in the scale used, 

^ 38 
x = 2 W, y = lQE, and hence the equation connecting E and 
TFislOS-|?Tr, or 

E = .116 W. 

This equation therefore holds approximately 'foi the particular 
wire used and within the limits of the observed values. 

Exercise. From the following corresponding values of u 
and V determine the equation connecting them. 
u 1 1.5 2.3 3.1 3.8 4.2 5.0 5.8 6.5 7.2 8.0 
V 5.5 6.4 8,2 9.7 11.0 11.9 13,5 15.p 16.5 18,0 19.5 
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198. The curve y = Cxi". A immber of curves obtained 
from physical measurement follow the law y = C'j^. 

If the logarithm of both sides of the equation be taken, there 
results 

log ii := log C + n logK. 

If now w = log K, i> = log y,b = log 0, then 

This is an equation of first degree in u and v. Hence if u and 
V be taken as coGrdinates and the points representing corre- 
sponding values plotted, these points will lie on a straight line. 
Conversely, if the points (log x, log y) do lie on a straight 
line, the equation of the line is of the form 

■u = WM -[- 6, where u = log x, v = log y ; 
i.e. logy = n log x + log C, if 6 = log C, 

or logi/ = log{C'3!"). 

y=Cx': 
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The following illustration will show how the constants G 
and n may be determined when the points lie on a curve of 
this kind. 

Illust RATION. The following represent pressure p and vol- 
ume V of a gas : 

V S 4 5.2 6.0 7.3 8.5 10 

i> 107.3 71.5 49.5 40.5 30.8 24.9 19.8 

Let X = log V, y — log p. Then the values of x and y are 

X All .602 .716 .778 .863 .929 1.000 

y 2.031 1.854 1.695 1.607 1.489 1.396 1.297 

The points determined by x and y are seen to lie on a straight 
line, approximately. Fig. 148. The slope of this line is found 
by measurement to be — |^, or — 1,40. Then, since the line 
passes through (1, 1.297), its equation is 

y-1.297 = -1.40{3^-l), 
or y = - 1.40 x + 2.697. 

But 2.697= log 497.7. 

Therefore, since y = \ogp, x=\ogv, 

logp + 1.40 log u = log 497.7, 
or p)i''*' = 497.7, 

which is therefore appixtximately the formula connecting p 
and V. 

The correctness of this formula should be tested by substi- 
tuting some or all of the values oi p and v in the given table. 

E.g. if v = 5.2 and p = 49.5, 

then log V = .7160, 

whiuh multiplied by 1.40 gives 

log 5.2''«' = 1.0024 
log 49.5 = 1.6946 
log^'*' = 2.6970 

which checks the result already found. 
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Where the poiuts do not lie so accurately on the line as in 
this example, it ■would be better after obtaining the slope of 
the line to write pv" — C, and having n, substitute the given 
values of ^ and v to find G. Make this computation for each 
pair of values given, and take the average of the values found 
forC. 

ExEKCisE. Eind the equation connecting Q and h from the 
following observed values. 

h .S83 .667 .750 .834 .876 .958 
Q 7.00 7.60 7.94 8.42 8.68 9.04 

199. The curve j/ = a6*, or y = a^, where e = 2.71838— . 
Certain physical quantities are connected by an equation of 
the form y = ab' where a and 6 are constant. If it is thought 
that two quantities for which several corresponding values are 
known obey this law, they may be tested, and, if the law is 
fulfilled, the values of the constants determined as follows: 
Plot the points whose abscissas are x and whose ordinates are 
logj). If they lie on a straight line, the supposed equation is 
correct, otherwise not. This follows from the fact that if 

y = ab% (1) 

then log T/ = log a + a; log b, (2) 

and the converse. 

Suppose the points (x, log?/) lie on a straight line. The 
slope of this line is then the value of log b (see eq. (2)), from 
which 6 may be found. Also the intercept of the line on the 
axis of ordinates is log a. From this intercept a may then be 
found. However, it will be more accurate to obtain a from 
the average of the values of ^ after h is determined from the 
line. 

In some cases a is 1, and this will be indicated by the 
straight line passing through the origin. 

If it is desired to express ^ = fflb" in the form y = ae*", one 
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has only to let & = «*, for then 6='=(e')"^ = e*'. To detera 
log h = li log 6, I. 



^logfi^logA 
log e .4343 



ExAMPLB. The values of x and y of the following table are 
thought to he connected by au equation of the form y = ab". 

X 2 3.2 4.7 8.5 10.3 12.6 

y 7.086 12.64 26.07 163.0 388,4 1178 

Form then the following table : 
ic 2 3.2 4.7 8,5 10.3 12.6 

log y .8504 1.1017 1.4161 2,2122 2.5893 3.0711 

Plot the points (x, log y). They are seen to lie on a straight 
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The slope of thia line, computed by using the extreme values 
of X and log y in the table, is 

3.0711 - .8504 ^ 2.2207 ^ gOflS 
12.6-2 10.6 * 

Hence log b = .2095, 

6 = 1.62. 
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To determine a, a = f- ■ 

log a = logy — xlogb 
= \ogy- .2095 X. 

Using X and \ogy from the table of values, the following 
values of log a are obtained. 

.4314, .4313, .4314, .4314, .4314, .4314. 
The average of these is 

log a = .4314. 
.-.a = 2.70. 
.-.;/ = 2.70(1.62'). 

800. Some special substitatlona. In some other cases, if the 
law connecting the variables is suspected, the correctness of 
the supposition may be easily tested by a substitution which 
will reduce the problem to that of the straight line. 

For example, if it is thought that the relation is »/= a + —, 

plot the points [— , yy If these points He on a straight line, 

the assumed equation is correct, and the quantities a and b can 
be found from the graph. 

In like manner the equation xy = ax + by, an hyperbola, 
may be written 

y = a + by-, (1) 

. = ..»^, (2, 

! = ? + », (3, 

and these may be reduced to the straight line form by using 
«. for ^ in (1), u for ^ in (2), and u and v for - and ~ in (3). 
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ExBKCise. Prove that the following pointa lie on a curve 
of the form xy = ax + by, and determiue a and b. 
X 1,59 1.96 2.27 3.12 5.00 7.15 16.7 

y .885 1.11 1.28 1.85 3.24 10.8 65.0 

201. The curve y = « + &a; + c»;= + da!*+ ■■■ +ft;»". When 
no other equation can be found to fit the given points the 
eqviatioii 

y = a-\-bx-\-ai'-\-da?+ ■■■ +!cx^ 

may be assumed, and by substituting the coordinates of the 
given points enough equations can be obtained for the deter- 
mination of the constants a, 6, c, ■■■ k. 

The number of terms to assume 'will depend upon the num- 
ber and location of the given points. If the curve on which 
the points lie diverges only slightly and in one direction from 
a straight line, it will usually be sufficient to assume three 
terms on the right. This, of course, makes the curve a pa- 
rabola. But each case must be settled on its merits, and the 
construction of the curve from the equation which is found 
will be the test of the accuracy with which it fits the given 
points, 

ExAMrLE. To find the equation of a curve through the fol- 
lowing points; 

X 8 23 39 53 63 

y 10 19 27 33 36 

These points when plotted ai'e seen to lie on a curve wliich 

resembles a portion of a parabola with axis parallel to the 

^axis. It is worth while then to try 

y=^a+bx + ca?. 
Take the two extreme points and the middle point for the de- 
termination of the coefficients. The equations obtained are 

10 = tt-|- 86-1- 64 c, 

27 = «-f-39 6-|-1521c, 

36 =: « -f- 63 6 -H 3969 c. 
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Solving these equations, 

a = 4.63, h = .697, c = - .00315. 
Hence the approximate equation is 

y = 4.63 + .697 x - .00315 m^. 
The subatitution of the intermediate values of x not used in 
tl^e computation of a, b, and c give, 

for x = 23, y^ 18.99, 

for a; = 53, ?/ = 32.72, 

which are reasonably close to the values of 19 and 33. 

If greater accuracy is desired, four or five terms may be 
assumed on the right and then four or five of the given, points 
used to determine tbe constants. 

Again, different aets of the given points might be used to 
determine the constants and average values of the constants so 
found used. 

EXEfiCISE XLII 

1. In an experiment to dotormiue the deflection of a team of varying 
lengtli tlie following measurements were made : 

Lengtii (in.) 13 16 20 24 28 32 3tl 40 

Deflection (in.) .17 .043 .085 .145 .220 .342 .512 .713 

Prove tliat the deflection d and the length L are connected by an 
equation of tlie form 

d ^ CL-, 
and find the values of n and O. 

2. Find an equation connecting x and y to fit the following values ; 
X 6 1.2 1.6 2.2 9.8 S.4 4.3 6.0 

y .801 1.70 2.54 3.98 5.68 7.32 10.17 16.22 

3. Prove that the following values of x and y satisfy an equation ol 



and And the values of a and b. 
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4. The followicg numbers are taken from a table : 

X 1.1 1.4 3.0 2.0 3.4 4.1 6.3 7.8 
y .095 .336 .693 .056 1.224 1.386 1841 2.054 

Fiiid the equation connecting x and y. 

Su&QESTioK. Plot the points (log x, y) . 

5. Prove tbat the following values of « and v satL^y an equi 
the form n = a -f — -, and find the values of a and b: 

u .5 1.1 1.7 2.3 5.1 6.4 

11 1S.6 4.00 2.37 1.84 1.38 1.28 

6. rind ati equation to fit the following values of p and e: 

(Tryjw" - 0.) 
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CHAPTER XVII 



COORDINATES IN SPACE 

208. Beetangular coordinates in space. As on a ati'aight 
line one quantity was required to determine the position of a 
point, and in the plane two quantities, so in space three quanti- 
ties are necessary. One way of choosing these quantitiea is 
the following : Through any point 0, chosen aa an origin, draw 
three mutually perpendicular lines OX, OY, OZ. These lines 
determine three mutually perpendicular planes XY, XZ, YZ. 
From any point Pin space let perpen- 
diculars be drawn to the three planes. 
Then the distances measured from the 
planes to the point are called the rec- 
tangular coordinates of the point P. 

Let distances measured in the direc- 
tion of OX, OY, and OZ, i.e. to the 
right, forward, and upward, be counted 
as positive, and distances in the oppo- 
site direction, i.e. to the left, backward, 
and downward, as negative. Then to 
every set of three real numbers there cor 
apace and conversely. 

The distances SP, QP, and NP (Fig. 150) are called respec- 
tively the X, y, and s of the point P, and the point is denoted 
by (a:, y, x), or by P{x, y, z). 

The plane containing OX and F is called the xy-^\aas, and 
similarly for the others. 

The three planes containing the axes are known as coordi- 
nate planes. 






iaponds a point in 
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The eight portions of space sepai-ated by the coordinate 
plaaes are called octants. 

Two points are said to be symmetric with respect to a plane 
when the line joining the points is perpendicular to the plane 
and is bisected by it. 

EXERCISE XLIII 

1. Locate the points (1, 3, 2), (- 1, S, 4), (1, - 2, 4), (1, 3, - 2), 
(2, -3,-4), (-1,-2,-3), (-1,-2, S), (-1,3,-2), (0,1,2), 
(2,0,0), (0,0,0). 

2. Show that the Hne OP in Fig. 150 is the diagonal of a rectangular 
parallelopiped of which the numerical Talnes of x, y, and z are tlie lengths 
of the sides. 

3. Show that OP = V-j? + j/^ + ^=. 

4. Mnd the distance from the origin to each of the points, (1, 3, —2), 
(3, -1,4), (2, -1,-3). 

6. Find the point sjmmetric to each of the following poinis with 
respect to each of the coerdinate planes, (2, 3, 4), (—3, —1, —2), 
(3, - 1, 2). 

6. Bind the point symmetric to each of the following points with 
respect to the origin, (2, 3, 5), (-2, 4, 3), (3, -4, ~l). 

7. Prove that (a, 6, c) and (—a, —6, — c) are symmetric with 
respect to the origin. 

8. What is the value of x for iuiy point in the ye-plane ? What 
therefore is the equation of the j/z-plane ? What are the equations of the 
other coBrdinate planes ? 

9. Where do all points lie that have x = and y = P What are 
the equations of the coordinate a,xes ? 

■ of 



(*) x = y,^ = 0. (j-) x = 2,y = . 

(6) j; = !/, z = 2. (?) a^ + S^-Ii 



yGoosle 



COORDINATES IN SPACE 



235 



203. Distance between two points in rectangular coordi- 
nates. Let the points be Pi{xi, y^, Sj) and Pi{ai^, y^ z^). 
Tbrough F^ and P^ pass planes parallel respectively to the 
three coordinate planes. These three planes form a rectan- 
gular parallelopiped of which Pj-Pj is the diagonal, and the 
edges are respectively the differences of the coordinates parallel 
to the edges. 

Thus, in Fig. 161, Pj^V^ Sj - a;,, NM^y^ — y^, Mr^^z^-z^. 



But 



p,p; = iVV + ^M + MPl 



= J-iJ-, = VCa!; - ^s)' -|-(y, - y,)^ + (», 



v: 



If the two points are the origin and the point (x, y, z), this 
formula becomes 

d = --Jx- + y^ + »^. 

204. Point dividing a line in a given ratio. If the point 
(a:, y, s) divides the line from (a^, y„ %) to (as,, y^, e^) in the ratio 
r : 1, then 

a;, + rx^ Vi + rVs „ ^ ^i + y^a 

\+r ' 1+r ' 1+r " 

The proof is left to the student. 
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EXERCISE XLIV 



1. Find tlie distance between (3, 4, — 2) and {- 5, 1, ~ R). 

2. FroTe that the center o£ gravity, i.e. the intersection at the medians 
of the triangle wliose vertices are {Xi, ji, Si), (X2, Vi, ^2)1 and (x^, 1/3, Z3), 
■ IXi±X2±Xi yi + ^a + Vi £i_+£2_+£|'\ 

"I, 3 ' 3 ' 3 j" 

3. Show that the lines drawn from the vertices of a tetrahedron to the 
intersection of the medians of the opposite faces meet in a common point 
which is J the distance from each vertes to the opposite face. 

4. Write the ec[uation which expresses the condition that (x, y, j) 
shall be equidistant from (0, 0, 0) and (3, 5, 1). What is the locus of 
(*,J, ^)? 

5. Write the condition that (x, y, a) shall remain at the distance 
4 from (0, 0, 0) . What is the locus of (x, j/, z) ? 

6. Find the equation of the surface of a sphere with center at 
(3, 1, — 3) and radius 5. 

205. Polar coordinates. A. point in space may be deter- 
mined by its ilistaTice from the origin and the angles which the 
line from the ovigin to the point 
makes with the rectangular coordi- 

Thua, let OX, OY, OZ,he a set of 
rectangular axes, and let P be any 
point in space. Then OP and the 
angles «, ^, y, between OP and the 
s, y, and z, respectively, de- 
termine the position of P. If 
OP = r, the point may be denoted 
by ()-, a, ft y). The four quantities r, a, 0, y are sometimes 
called the polar coordinates of P. 

It is convenient to restrict r, a, ^, y to positive values, and 
to further restrict the angles to values not greater than 180°. 
Any point in space may be represented by such values of 
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The angles a, /3, y are called the direotioii angles of OP, and 
the cosines of these angles the direction cosines of OP. 

206. Relation between rectangular and polar coordinates of 
a point. From Fig. 153, if tho rectangular coordinates of P 
are x, y, z, then the following relar 
tions are seen to hold; 



» = »- cos y, 

Sinne r = Vx^ + if -\-z^, the above 
equations may be solved for the 
direction cosines and the following 
values obtained : '' 




Va^ + ys + tfi 



cos -y = . 

207. Relation between the direction coaines of a line. 

Definttiox. The direction cosines of a given directed line 
are the direction cosines of a line drawn from the origin in the 
same direction as the given Hne. 

If the three equations of the preceding article, 



z — r cos y, 
and added, there is obtained 
K^ + / + 2'' = r'(cos^« + c 
JK' + / + ^' = r= 
-■. cos° a + cos^ p + cos^ y = 



i'^ + COs'y). 
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Hence, the aum of the squares of the direction cosines of any 
straight line is 1. 

208. Direction cosines of a line joining two points. Let 

P,(xj, y„ %) and P2{a;„ y^, %) be any two points in space and 
consider the line as directed from P to J\ 



1 1 




'fT^-" ) 



FiO. 154. 

Let the direction cosines of PiP^ be cos u, cos /3, cos y. 
Then co8a^ ^^-'*" ,cosB= ^'~^ '. eosv-^^', 



Th. 



here d = -\/{x^ - x^f + (^,- y^Y + (^i - '^sf- 

relations are e^-ident from Fig. 154, 



809. Spherical coordinates. Again, take the three mutually 
perpendicular axes OX, OT, OZ. 

Let P be any point in space. Then the position of P is 
determined by the distance r, Or 
OP, and the angles fl'and </», where 
$ is the angle between OP and the 
positive OZ, and tj> is the angle be- 
tween the positive OX and the 
orthogonal projection of OP upon 
the 3s/-plane. 

The point is denoted by (r, 6, <^). 
The quantities r, 0, and are 
called the spherical coordinates of 
P. 

The student can easily show 




y Google 



COORDINATES IN SPACE 239 

that if P haa rectangular coordinates (x, y, z), then the relations 
between the rectangular and spherical coSrdinateB of the point 
are 

iW = r sin 6 cos ()>, 

t/ = rsia& sin <{), 



Spherical coordinates are useful in some surveying and as- 
tronomical problems. 

EXERCISE XLV 

1. Find the directJou cosines of the line from the origin to (3, — 1, 3), 

2. Show that if any three real quantities, a, 6, c, be chosen, a line 
with direction cosines proportional to these quantities can be found, and 
that the direction cosines a: 

3. Mud the direction cosines of the lino from (3,1, - 2) to (—1,4,3). 
Draw the figure. 

4. GtTen cos « = J, cos ^ = J, find cos 7, 

5. Find the rectangular coordinates of a point whose polar coordinates 
are (2, 30°, 46°, 7). How many solutions ? 

6. Find the spherical coordinates of a point whose rectangular coBrdi- 
nates are (3, 3, 4). 

7. Find the spherical coordinates of a point in terms of the rectangular 
coordinates of the point. 

8. Show that reversing the direction of a line changes the sign of each 
direction cosine. 

9. Writo the direction cosmos of each coordinate axis. 

210. Projection of a line upon another line. 

Definition. From the extremities A and B of a line AB 
drop perpendiculars upon a line MN, meeting it in G and /) 
respectively. Then GD is called the orthogonal projection of 
AB upon MK (Fig. 156.) 

Only orthogonal projection will be nsed in what follows, 



y Google 



240 



ANALYTIC GEOMETRY 



and projection will be understood to mean orthogonal pro- 
jection. 

Befinition. The angle between two non-intersecting lines 
is defined to be the angle between two intersecting lines drawn 
in the same directions respectively as the given lines. 




If a is the angle between AB and MN, and I is the length of 
AB, then 

I cos a = projection of AB on MN. 

Peoof. Through B pass a plane perpendicular to MNxadi 
through A draw a line parallel to MN to cut this plane in E. 
(Fig. 156.) 

Then AE=CD. 

"But AE = lcofia. 

.: CD^Uosa. 



. is opposite in direction to 



(If a > 90", CD is negi 
MN.) 

211. Projection of a broken line. The projection on any 
axis of a straight line joining two points is equal to the sum of 
the projections on the same axis of the sides of any broken 
line connecting the two points, if the parts of the broken line 
are directed so that the beginning of each side after the iirst ia 
at the end of the preceding. 

This is evident from the definition of projection. 
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Thus in Fig. 157, 






aft = Mc + cd + (!e 4- ef-\-fb, 
or proj. ^B = proj. AC + ^vo]. CD + proj. DE + proj. EF 
+ proj. i^B. 

If I, l„ ?j, ■■■ h are the lengths of AB, AC, CD, ■-■ PS, respec- 
tively, and «, (ij, «2, ■■■ as are the angles between these lines 
and MN, then 

icosK = Z|COsa, H-Z^cosaj + ■■■ +Z, cos«5. 

212. The angle between two lines in terms of their direction 
cosines. Let two lines have direction angles a^, ^„ y„ and «s, 
Ps, ya respectively, and let 6 be the angle between them. To 
iind the value of 8. 

Through the origin draw two lines OPi and OP^ having the 
same directions respectively as the two given lines. 

Let the co&rdinates of Pi be (%, y^, z^) and let OP^ — r,. 

On OPi project OP^ and the broken line OM^-MN+NPf 
(Fig. 158). Since 

proj. Oi'i = proj. O^Z+proj. J/lV+proj. ^fPi, 

therefore, 
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But a;, = riCosa„ ?/i — r, cos /3„ z, = r,co3yi. 

.' . r, cos ^ = J-i cos «i cos u^ + r^ cos ^, cos ^Sa + r, cos y^ cos y^ 
or cos 9 = cos tti cos aa + cos pi cos pj + cos 71 cos ■yi- 









rt{ 


^ 


v 




^i 


^ 


i. 




M 








/ ■ 


"' 






[X. 



(Notice that if one, or more, of t!ie coftrdinates x„ y„ z, is 
negative, e.g. y^, then — y, is the levigth of MN, hut 180° — jSj 
is the angle between MN and OP2 ; hence the middle term is 
— 3/, cos (180" — ,82), which is the same as ji cos |8s.) 

EXERCISE XLVI 

1. Finil the projection of the line from (2, 1, — 3) to (.3, — 4, Ti) upon 
each of the oo5rduiate ases. 

2. The direction cosines of a line are proportional to 2, i and — 4 
Find their values. 

3. Express in terms of the dii-ectjon cosines of two lines the condition 
tliat the two lines be parallel. The condition that they be perpendicuKr 

4. Find the angle between two lines whose direotiou cosines ara 
Y proportional to 2, —1, 8 and 1, 3, —2, 
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213. Certain straight lines and planes. The stuiient has 
already considered some simple eq-aa.tions of straight lines and 
planes. For example, xssa is the equation of a plane parallel 
to the j/K-plane. 

The two equations y = h, z = a, represent a straight line par- 
allel to the ataxia, the intersection of the two planes y = b and 



The two equations x — y, s = c, represent a straight line, the 
intersection of the plane s = c and a plane bisecting the dihe- 
dral angle between the K-plane and the j/a-plane. 

214. CyUnders with elements parallel to a coordinate axis. 
Consider a circular cylinder with the s-axia for its axis and 
with radius r. (Fig. 159.) 

If any point P be taken on the sur- 
face of this cylinder, the x and y of 
the point are the same as the x and 
y of the projection of the point on the 
iBy-pIane. But these latter values 
satisfy the equation of the circle 
3r'-)-y = )^. Hence the coord: 
of P satisfy the same equation. 

The equation of the surface of the 
cylinder is therefore 

a^ + y^ = r^. 

In like manner it may be shown 
that if a straight line, kept always parallel to the s-axis, Is 
moved along any curve in the a^-plane, a cylindrical surface is 




FiQ. 159, 
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generated which has the game equation as the equation of the 
cui've in the a^-plane. 

Thus the equation jf = ix, interpreted as an equation of a 
locus in epa«e, is the equation of a cylindrical surface generated 
by a straight line parallel to the s-axis, moving along the curve 
y = 4 a; in the iCT/-plane. 

Likewise an equation of the form y = f{z), read "y equals/ 
of £," i.e. y'lss, function of z, is the equation of a cylindrical 
surface generated by moving a liue parallel to the a;-axis along 
the curve y=f(z) in the j/ss-plaue. 

The student should describe the locus in space of the equa- 
tion 2= /(ic). 

EXERCISE XLVII 
and sketch the loci in space of tlie following equations : 
;2 4.z2 = 25. 5. 'j?= 2pz. 



315. Surfaces of revolution. If the equation of a curve in 
one of the coordinate planes is 
known, the equation of the sur- 
face formed by revolving this 
curve about one of the coordinate 
axes can be obtained from it. 

As an illustration, consider 
the surface formed by revolving 
about the a^-axis the 



Let P{x, y, z) be any point on 
p'^ ^^ this surface. Then (Fig. 160) 

x=OM,y= MN, z = ffP. 
; MP— MR, it follows from the equation of the parabola 
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MP = 4 OM. 
But MP'' = MN'+NP' = y' + s\ 

This is therefore the equation which is true for any point on 
the surface, and clearly for no other points, and hence is the 
equation of the surface. 

The process of obtaining the equation of the surface from 
that of the curve in the 9!i/-plane consists in replacing 1/ by 

In generaj, if any curve in the xy-fila.ne, F(x, y) = 0, be re- 
volved about the a>axie, the equation of the surface formed is 
F(x, Vf+?) = 0, 

EXERCISE XLVin 

1. Find the equation of the auriaoe generated hy revolving the curve 
3/^ = 4 a about the j-axis. Sketch the figure in one octant. 

2. Find the etiuation of the surface generated by revolving the circle 
sfl + y^ = r^ about the a-axis ; about the j-asis. 

3. Find the equation ot the surface of the spheroid generated by re. 
Tolving the effipse ^ + ^ = 1 about the jz-aais, Theapheroid is said to be 
oblate if a > 6, prolate if a < 6. 

4. Find the equation of the surface of a cone generated by revolving 
the line y =mx about the x-axis. 

216. Nature of locus determined by plane sections. It is 

frequently useful, in trying to determine the nature of a locus, 
to find the intersection of the locus by a plane. Generally the 
planes parallel to the coordinate axes, or else containing a 
coordinate axis, are the simplest ones to use. 

Example 1. As an illustration, consider the locus of the 
equation 
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If in this equation s be set equal to zero, the resulting equa- 
tion represents the part of the locus which lies in the plane 
z = 0, i.e. in the a^-plane. 

•■• S-l- 

is the equation of the intersection of the locus of eq. (1) and 
the a^-plane. 

This intersection is called the trace of eq. (1) in the ai^-plane. 
It is an ellipse ■with semi-axes a and b lying on the axes of x 
and y, and with center at the origin. 

Likewise the equations of the locus in the iez- and the i/3-planes 
are shown to be respectively the ellipses 



and 


6' + c- 


:1. 






To find the trace of the locus of eq. (1) in a plane parallel to 
the i/z-plaue let x be held constant in eq. (1) and y and x be 
allowed to vary. Letting k = fc in eq. (1), the resulting equa- 
tion is 


in which the constant term — is transposed 


totheri 


gilt side of 


the equation. 
This equation 


may be written 


^ 1 








b'(„'-lf) ' c\a 


■-i?) 





This is the equation of an ellipse, if ^ < a?, with axes ii 
planes of a»/ and xz, the values of the aemi-axes being 
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Hence any section of the locus of eq. (1) by a pli 
^^-plane, anddistant less than a from the origin 
axes in the planes of Ty 
and x%. As A, changes, 
gradually from to a 
the aenii axes of the 
ellipse change gradually 
from h and c to The 
locus of eq (1) may then 
be thought of as gniPr 
ated by an ellipse of 
gradually varying di- 
mensions moving with 
its axes in the planes 
of xy and a». The locus is therefore 

Since all sections parallel to three ] 
planes are ellipses, the figure is called e 

Example 2. To find the locus of 




itually perpendicular 
eUipsoid (Fig. 161,) 



x^ + 2f = Az. (2) 

= k, the equation may be written 



4fc 2& ' 

which is the equation of an ellipse if fc > 0, but has no locus if 
k < 0. When & = 0, the eqiiation is satisfied only by the point 
(0, 0). Therefore a section of the locus of eq, (2) by a plane 
parallel to the ic^z-plane is an ellipse if the plane is above the 
fl,-j/-plane, but there are no points below the aiy-plane which 
satisfy the equation. 

If K = 0, eq. (2) reduces to 3/' = 2 a, which is the equation of 
a parabola in the j/s-plane. 

If ;/ = 0, eq. (2) reduces to x' — i.z, which is the equation of 
a parabola in the 3!e-plane. 

The loeus of eq. (2) may therefore be thought of as a surface 
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generated by a,ii ellipse, moving in a plane parallel to the ofy- 
plaiie, ita center on the 3-axis, and so changing in size that the 
ends of its axes a,re always 
m the curves -f — ^z and 
'■} = ^s. (Fig. 162.) 

The figure is called an 
elliptic paraboloid. 

217. Locus of an equation 
in three variables. In gen- 
eral an equation in three 
variables represents a sur- 
face. For if any one of the 
vaiiables be held constant, 
an equation between the 
other two variables is ob- 
tained, which in general represents a curve, as was found in the 
study of loci in two variables. The locus of the equation in 
three variables is then such that in general its intersections by 
planes parallel to the coordinate planes are curves. Therefore 
the locus of the equation is in general a sui-face. 



Z 



EXERCISE XLIX 

and sketch the loci of the following equatio 
l.-^ + f + z'^^j^. 

2. ^ = x + z. 

3. x + y + z = l. 

4. a^ -1- !)* -H 4a3 = 1. 
6. x^ + y^-ifl-fi. 
6. ^^-i^~'^. 
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CHAPTER XIX 
THE PLANE AND THE STRAIGHT LINE 

I. THE PLANE 

218. The normal eciuation of the plane. Let j) be the length 
of the perpendicular from the origin upon a plane, and let the 
direction angles of this perpendicular be a, j3, y. 




Let P (x, y, %) be any point in the plane. Project the 
line OP and also the broken line OM -\- MN'+ NP upon the 
perpendicular. (5'ig. 163.) These projections are equal, 
(Art. 211.) 

.-. xcos tt + y cos ^ + zcos y = pi'oj. of OP on Off, (Art. 211) 
or »; cos a 4- y cos p + £ cos Y = P- 

Since this is true for any point in the plane, and for no 
other points, it is the equation of the plane. 
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It is known as the nonnal equation of the plane. 

219. Tlie intercept equation of tlie plane. If the above 
plane meets the axes in (a, 0, 0), (0, b, 0), and (0, ft, c), then 

cos a=^, cos 3 = 7, cosv =^. 
a D c 

Substitute these values of cos «, cos 0, cos y in the equation 

of the plane and there results 



220. The general equation of the first degree in sc, y, and s. 

The general equation of first degree in x, y, and s ia 

A'J> -i- By + Cs + 1> = O. (1) 

Consider the point Q whose coordinates are the coefiicients 
of X, y, and«; i.e. the point {A, B, C). (Kg. 164.) Let OQ 
have direction angles a, y3, y. Then 




where OQ = VA' + -B^ 4- C^ 

Dividing eq. (1) through by ± Vld^ + B^ + (?, it may b 
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written in tiie form 
^ .4- " - . + ^g » 






Let the sign of the ra(iical be chosen so that 



± V^' + ^ + C' 



is positive, and let j) = Ecl- (2) may then 

be written 

a; cos «' + ^ cos y8' + 2 cos y' =p, 
in which a', ji', y', are the same as «, ^, y, or are the direction 



angles of the line from the origi 

ing as the positive or negative ; 

In either ease the equation 

Art. 218. Therefore the equati 



n to (— A, ■— B, — Cf), accord- 
Lgn of the radical is chosen, 
the equation of a plane by 



Ax + By -\- Cz ■\- B = (), 

in which A, B, 0, T), are real quantities, is the equation of a 
plane. If p is the length of the perpendicular from the origin 
to the plane, and a., ^, y, are the direction angles of this per- 
pendicular, then 



C „^ -D 



± VX' + B^ + < 

of the radical being used throughout, and so chosen that p is 
positive. 

Z%\. Distance from a point to a plane. 

(The ease -where the point and the origin are on opposite 
sides of the plane is the only one discussed here.) 
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Let d be the distance from (a 
equation is 



) Hi, ^i) to the plane t 



s y=p. 




i) draw a plane parallel to the given plane. 
Since the perpendicular from the 
origin to this plane is in the same 
direction as that from the origin 
to the given plane, the equation of 
the second plane is 

X eos a + y cos p + z cos y = p'. 
Since (xi, y,. xCj is "ii this plane, 
9^1 cos a + y^ eos ,8+2, cos 7 —p'. 
But d=j>'— p. 

.-, d=^a;iC08a+yi cos p + sicosY— p. 
The student should show that if the point and the origin 
are on the same side of the plane, the above formula gives the 
negative of the distance from the point to the plane. 

From the above it follows that the distance from (a\, y-^, z{) 
to the plane Ax + By-^Cs^-D^i) 

■ ■ ^a!i + Byi + Csi + 2> 

222. The angle between two planes. Since the angle be- 
tween two planes is equal to the angle between the normals to 
the planes, it follows that the angle between the two planes 

X eos 0-1 + y cos ft + e cos yi =pi, 
and X cos «2 + J/ ''OS ft + s cos y, =p3 

is given by 

cos 6 = eos «! eos a^ + eos ^, cos ft + cos y, cos y^, 
and that the angle between the two planes 

AiX + B,j( 4- CiS + A = 0, 
and A^ + B,^ + C^-\-D.^ = (} 
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EXERCISE Ir 



Find tte lengths and direction coaii 
origin upon eacL of the following plar 
normiil form. 

1. 2x~ay + iz = 5. 



3 of the perpendiculars from the 
1, Reduce each equation to the 






* + *! 



= 2. 



^ + y + 



Find the distance from the following points to tlie pianos; 

5. rrom (3, 1, 2) to2x-3s) + 72 = 2. 

6. From (^1, 3, 2) t03; + 2!;-3 = 5. 

7. From (0, 0,1) tii2*-!/ = 4. 

8. Find the angle between the two planes of example 1 and example 2. 

9. Find the angle between the two planes of esample 3 and osample i. 

n. THE STRAIGHT LINE 

233. The equations of a straight line throagh two points. 
Let the two given points be Pi(a>i, ^), ^i) and Pa(a^, J/j, z^). Let 
P(x, y, z) be any point on the 
line through P^ and P^. Pro- 
ject PjP and P1-P2 upon the 
io-axis. Then, by plane geom- 
etry, 

M,M ^ P,P 

• ^-^i - PJi . 

X^-Xi P^P.i' 

In like manner it is shown that 

y^y^^l\P 
y,-yi PiP,' 

' ' xi~Xi Vi-yi »3 - si 




and 
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These equations are therefore the equations of the straight 

234. The equations of a straight line through a given point 
and with given direction cosines. In the preceding ai'ticle if 
the line makes angles a, /?, y with the axes, and if d = -^i-Psj 
then 

__ Kj — 3^ o_y-i — yt „f^„ _ 2? — Si 

d ' d ' d 

Substituting the values of x^ — x^, y^ — ^„ Zj — s, obtained from 
these equations in the equation 

«s-*i y-i-yi «2-2i' 

there resiilts, on dividing through by d, 

cos a cos P cos Y 

Henoe these are the equations of a straight line through 

(^'1, Vi, ®i) with direction angles «, y3, y. 
Any equations of the form 



are the equations of a straight line through (a^, y^, z^ with di- 
rection cosines proportional to I, m, n. For these equations 
have only to be multiplied by V^ + m' + n'' to bring them 
into the form 

I in n ' 

which are the same as eqs. (2), since the denominators in 
these equations are the direction cosines of a straight line. 
(Art. 206.) 

225. The general equations of a straight line. Sinee a 
straight line is the intersection of two planes, the equations 
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of two plsLiies may be taken as the general equations o£ a 
straight line. Thus 

^1^ + B,y + (\z + -Di = 0, 
and Afe + B^ + CsSi + A = 0, 

arp tlie equations of a stiaight Imp 

bmce one straight hne is the inteisection of an indefinite 
number of pairs of plane-- 
the same stiaight hne ma> 
correspond to an indefinite 
number of paiis of eqm 
tion'^ of first degiee 

A line not perppndiculai 
to the 3>-axis may be repre- 
sented by equations of the 
form 

and z = nx + c. (Fig, 167.) \ 

If it is perpendicular to 
the a^axis, but not to the i/-axis, its equations may be written 

z = my + b. (Fig. 168.) 

If it is perpendicular to both 

the X- and i/-ases, i.e. is parallel 

to the E-axis, its equations may 

be written 



EXERCISE l: 
1. Find the direction c 
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2, Find the direction cosines of the line 



3. Prove that the direction cosines of the line 



are proportional to 1, m, n. 
4. Prove that the line 

^ - ^1 ^ y - j/i _ a - 8t 
I m ft 

is perpendicular to the plane 

fa + «*!/ + nz +p = 0. 
&, Find tlie angle between the line 

2 4-1 
and the perpendicular to the plane 

3 a; - 2 i; + 4 ^ = 0. 

6. Find the angle between tlie lines 

2 3 

and 5Jli=!tz:-i^ = £4-2. 

7. Find the angle between the lines 

3a: -2 J, = 4, 

and ii;=;2^ + 3 = 42 — 1. 

8. Find the equations of tlie line through (1, — 1, 2) which makes 
equal angles with the axes. 

9. Find the equations of a line through (3, 4, 1) and (— 2, 1, 3). 

10. Find the equations of a line through (3, 1, — 2) perpendicular to 
the plane 2a— 3)/ + 42 = 0. 

11. Find the equation of a plane through (2, 1, 3) parallel to the line 
1 = 3^4-4 = 32 — 1. Also the equation of a plane perpendicular to the 
given line and passing through tlie given point. 
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CHAPTER XX 
THE QUADRIC SURFACES 

336. Definition. The quadrio surfaces, o 
surfaces whose equations are of the second degree ia rectangu- 
lar coordinates of space. 

Certain standard forma of equations of second degree, formed 
by analogy to the standard equations of second degree in two 
variables, will be studied in the succeeding articles. 

227. The ellipsoid. S"^S"^S"^' 

This equation lias already been discussed in Art. 216. Only 



the HgLire is shown here. 




If two of the quantities, a, b, c, are equal, e.g. if b = e, the 
equation reduces to that of the spheroid, 

^■ + 1^4- 1^ = 1, prolate if 6 < «, oblateif&xx. 
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;, the equation reduces to that of the sphere 



328. The hyperboloid of one sheet. 



Sections of the surface represented by this equation by planes 
parallel to the ie!/-plane are of the form 



[f s is held constant, this is the eqiiation of an ellipse 
Sections parallel to the aa-plane are of the form 



«•(!>'-'/) ■nv-y') 



If y is held constant, this is the equation of an hyperbola with 
major axis parallel to the K-axis if j/^< b^, and with major axis 
parallel to the ^-axis if y^ > b^. 

For y = b, or t/ = —b, the equation represents two intersect- 
ing straight lines 

- + - = 0, and ^-- = 0. 

The hyperboloid of one sheet is sketched in Fig. 170, and 
a few sections parallel to the a^-plane are indicated. 

Seotions parallel to the j/K-plane are also hyperbolas, and 
have their major axes parallel to the y- or a-axis according as 
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the distance of tlie section from the origin is less than or 
greater than a. The two aectiona parallel to the j/s-plaue at 
the distance a from the origin 
are each the pair of sti-aight 
lines 

y- + - = (}, and ■*'-? = 0, 

he be 

229. The hyperholoid of two 
sheets. 

Any section of tho surface 
parallel to the OT/-plane is an 
hyperbola with major axes par- 
allel to the ce-axis, the major 
axis and conjugate axis both in- 
creasing as the distance of the 
cutting plane from the ici/-plane 
increases, but their ratio re- 
maining equal to - ■ 
h 

A like remark applies to sec- 
tions of the surface made by 
planes parallel to the iiK-plane, the major axis being parallel to 

the iC-axiB and the ratio of the axes being equal to -■ 



z 

1^^^ ^ 



Sections of the surface parallel to the % 



I of the 



bH^-a^^ ^(^^--a^~ 



3 the equation of an ellipse if x' > a^, but there is no 
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locus if a^ < a'. When x = ±a, the locus is a point («, 0, 0), 
or (- a, 0, 0). 

Since this hyperboloid consists of two separate parte, it is 
called the hyperboloid of two sheets. Only one part ia shown 
in the figure. The other part is symmetric to the part that ia 
shown with respect to the j/a-plane. (Fig. 171.) 




230. The elliptic paraboloid. 



The trace in the a;w-plane is the origin ^ + ^^ = 0. The 
a ** " 
trace in the asK-plane ia the parabola x^=~ z. The trace in the 

^-plane ia the parabola y^= —z. Sectiona of the surface 

parallel to the a'?/-plaiie are of the form 

and are therefore ellipses if k and c are of the aame aign, but 
there is no locus if k and c are of oppoaite aign. Sections of 
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the surface parallel to the as-plane are the parabolas 



with vertices at 0, &, — , and axes pai'allel to the a-axis. 
Sections of the surface parallel to the j/s-plane are the parabolas 



with vertices at fc, 0, — - , and axes parallel to the s-axia. 
The locus is sketched in Tig. 172, for c positive. 




Fic. 17^. 

231. The hyperbolic paraboloid. 

The trace in the a^-plane is the pair of straight lines 

5--^ = 0, and 5 + ^ = 0. 
a b ah 

The trace in the as-plane is the parabola x' = — z. The trace 
in the 3/2-plane is the parabola y' — ^ — z. Sections parallel tc 
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the a!3/-plane are the hyperbolas 

a' 6* ~ e ' 
Sections parallel to the irj>plane are the parabolas 

Sections parallel to the i;3-plane are the parabolas 

/^_^ + ^' 
6^ c a'' 

The locus is sketched in Fig. 173 for c positive, 
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Let this surface be cut by the plane y = a.' tan 6. Let x' be 
the distance from the s-axis to any point P on the intersection 
of surface and plane. Then 

y = x' sin 6, x = x' cos 6, (Kg. 174), 

-, K™ cos' 6 m" sin" 6 



b' 



-. = ^> 



b' cos' 6 + a^s 



1 

^ y 



This is the equation of the intersection of the plane and sur- 
face referred to rectangular coordinates in the cutting plane. 
The situation can be factored into two real factors of first 
degree in x' and z, and is therefore the equation of two straight 
lines. Since x' = and k = reduce both of the factors to 
zero, the two lines pass through the origin. 

Hence any plane containing the s-axis intersects the surface 
in two straight lines throngh the origin. 

Moreover any plane parallel to the aa/-plane, s; = ifc, intersects 
tlie surface in the curve 
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Hence the locus of 




is a cone with vertex a,t (0, 0, 0), and 
with the section 



at the distance c from tlie xy-plane. 
(Eig. 175.) 

333. The right circular cone. In 
the equation of the preceding article 
if a = b, the cone becomes a right 
circular cone. 

If - be replaced by m, the equa- 
tion of the right circular cone be- 



FiG. ira. 



a5= + y= - m^s^ = 0. 
If a; = 0, then y = ± 'ma. Therefore the straight lines 
y = ±mz are the intersections of the cone and the i/z-plane. 
Hence the quantity m is the 
tangent of the angle between an 
element of the cone and its axis. 
m = tan(^, in Fig. 175. 

834. The conic sections. In 
the equation of the cone 
x^ + y^ — mh^~0, 
let the y- and z-axes be rotated 
through the "angle $ to the new 
axes OY' and 02'. The old 
coftrdinates y and a of any point 
in terms of the new coordinates 
y' and z' of the point are then 
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i' cos"^ — I/' i 
i'smfl + y'c 



The cc-ooordinate does not change. (Fig. 170.) 

Substituting in the equation of the cone, and collecting terms, 
the equation of the cone referred to the new axes is 

x" + (sin^fl — m-'eos'^):;'' + 3 sin 6 cos 6(1 + m^)y'z' 
+ (cos^ e -m^ ain^ 0) y'^ = 0. 

If in this equation y' is held constant, the intersection of the 
eone and a plane parallel to the aa'-plane is obtained. Since 
the X and s' of points in this plane are the same as their pro- 
jections on the asi'-plane, the equation of the curve of intffi'sec- 
tion is of the form 

3^ + ax'^ + de'+f=0, 
where a = sin^ O — ta" cos^ 6, 

d = 2sin0Gos0{l + myj', 

f= (cos^ $ — m^ sin' 6) y'^. 

A discussion of this equation shows that 

(1) If y' = 0, tlien both d and / are jiero, and the equation 



This ia the equation of a point if a > 0, i.e. if tan^5 > m'; of 
two intersecting lines if tan'fl < m'; and of one straight line 
if tan^ e = m'. 
(2) y'^(i. 

(a) If tan' $ = m?, the equation is of the form 
x^ + dz'+f^G, 
■which is the equation of a parabola. 

(6) If tan^ $ i= m% the equation in of the form 
x' + az'^ + dz'+f^O, 
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which is of the type of an ellipse or hyperbola a 

I.;..- ^_, .■ j^ according as tan^S is greater than 

If fl-90°, i.e. 
the cutting plane 
is perpendicular to 
the axis of the 
the eqnation 
reduces to 

x^ + z'^ = my\ 

which is the equa- 
tion of a circle. 

Hence, if a right 
circular cone is cut 
by a plane : 

(1) passing 
through the vertex, 
the intersection is 
a pair of lines, a 

igle line, or a 
point, according as 
the angle which 
the plane makes 
with the axis of 
the cone is less 
than, equal to, or 
greater than the 
e between the 
axis andanelement 
of the cone ; 

(2) not passing 
through the ver- 
tex, the intersection is an hyperbola, a parabola, or an ellipse, 
according as the angle between the plane and the axis of the 
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cone is leas than, equal to, or greater than the angle between 
the axis and an element of the cone. 

In the special case where the plane is perpendicular to the 
axis of the cone, the intersection is a circle. (See Fig, 177.) 

EXEKCISE LII 

DescribB and fiketch the loci of the following equations : 
1, x'' + i,^ + i^ = i. 2. x» + y^-iz!' = 4. 

3, j2 + !)2 = 4 X. 4. ^^2 - 4(!;2 + ^i) = o. 

6. »* + 2s« = j/. &. z-x'' = y^. 

6' (? o^ 



12. xi-\-yi + z^ = J. 13, x^ + i/ + z' 
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SPACE CURVES 

335. Introduction. In this chaiiter a few curves in space, 
wliicli do not lie in a plane, will be Ronsidei-ed, and the equations 
derived. 



236. The helix. The helix i 




cnrve traced on the surface 
of a right circular cylinder 
by a point which advances 
in the direction of the axis 
of the cylinder at the same 
time that it rotates around 
the axis, the amount of ad- 
vance being proportional to 
the angle of rotation. 

To find the equations of 
the helix, let the axis of s 
be the axis of the cylinder 
on which the helix ia traced, 
a the radius of the cylinder, 
b the amount of advance 
along the axis to each radian 
of rotation, and let the iB-axis 
he chosen to pass through 
a point of the helix. Then, 
if 8 is the angle of rotation 
around the axis, the values 
of X, y, and z of any point on 
the curve are 
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237. The curve of intersection of two cylinders of unequal 
radii, with axes intersecting; at right ang;les. 

Let the axes of the cylinders be the w- and y-s.iics respectively, 
the radii a and 6 respectively. 
(Fig. 179.) The equations of the 
surfaces are then 

y'- + z' = c^, 



These equations, regarded as simul- 
taneous equations, are therefore 
the equations of the curves of in- 
tersection. 

The equations of the curve may „y 
be -written in the parametric form, 
as in the case of the helix, by let- 
ting z equal some arbitrary function of another variable aud 
then solving the equations for x and y. E.g. if 




then 



: ± a cos 6, 



Or z itself may be considered the parameter, and the equations 
written in the parametric form 



238. The curve of intersection of a sphere and circular 
cylinder. 

Let the sphere have its center at the ori^n and radius a, 
and let the cylinder have its axis parallel to the »-axis, cutting 
the s-axis at ^ = c, and radius h. 
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The equation of the sphere and cylinder are then respectively 

and y^ + {e — cy = b\ 

These equations, regarded as simiiltaneous equations, are there- 
fore the equations of the curve of intersection. 

The student should sketch the figure. 

The coordinate z may conveniently be considered the inde- 
pendent variable and have arbitrary values assigned to it, the 
corresponding values of x and y being then computed from the 
equations. Corresponding to one value of z four points are 



Exercise. Letting a = 5, 6 = 2, c = 3, find four points on the curve 
corresponding to s = 2. How many points o£ the curve are there having 
2=1? How many having z = 5? 

239. General ec^uations of a space curve. If the equations 
of two surfaces are known, these equations, regarded as simul- 
taneous equations, are satisfied by all points common to the 
two surfaces, and by only those points. The equations of the 
two surfaces are therefore together the equations of the curve 
of the intersection of the two surfaces. 

EXERCISE LIII 

1. A screw lias 8 threads to the inch. The diameter of the screw is } 
inch. What are the equations of the edge of the threads ? 

2. A point starts at the base of a right circular cone and traces a curve 
on the surface, advancing in the direction of the axis of the cone propor- 
tional to the angle of rotation about the axis. Find the equations of 
the curve. 

3. Similar to example 2, using a hemisphere instead of a cone. 

4. Find the polar equation of the projection of the curve of example 2 
upon the plane of the base of the cone. Trace the curve of projection. 

5. find the polar equation of the ptojeution of the curve of example S 
upon the plane of the base of the hemisphere. 
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TANGEMT LINES AND PLANES 

240. Introdiietion. In tlie plane a knowledge of derivatives 
was found to be important in obtaining tlio equations of tangent 
lines to curves. In space, also, derivatives play an important 
part in the deduction of the equations of tangent planes to sur- 
faces and of tangent lines to curves. But in space a somewhat 
extended conception of derivatives is necessary, for the number 
of variables has increased from two to three. 

241. Partial Derivatives. Consider an equation which ex- 
presses 2 as a function of tv^o independent variables, iw and y. 
E.g. z = 2x' + 3xf + 5f. (1) 
If -I/ is regarded as a constant and the derivative of 3 taken with 
respect to x, the result is 

Tliis result is called the partial derivative of z with respect 
to X, and is denoted by the symbol ^. Thus, 

Similarly, -- =Gxy + 15y^. 

In eq. (1) let x and y take the values ^ and ij„ respectively. 
Then % takes a corresponding value, a,. Then 

zo = 2 Xa^ + Sxtg/n^ + Sya"- 
Let X take an increment, Ax. Then z takes a corresponding 
increment. Let this increment, which is due to the change in 
a; only, be denoted by A^s. Then 

3„ + A,z = 2(x„ + Axy + 3(x, + Ax)y,' + 5y,\ 
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From the definition of a derivative, it follows that the value 

of -^ is the limiting value of-^as A* approaches zero. 

The student can easily cheek this by computing the value of 

-^ from the above equations aud finding the limiting value, 

lu general, if f(x, y), read "/ of x and y," is used to denote 
any function of a; and y, then, if 

the values of — and -— are defined by 

and ^1 = u».i. /(% y„ + Ay)-/(a^, y^) 

If u = F(x,y,z), 



^1 = limit ^(a'o + Aar. y„, z,,) - F(x„, y,,, z^) 

and similarly for the other partial derivatives of u. 

EXERCISE LIV 

1. Find the partial derivative of z with respect to x andy for the values 
x^^y-B, if z = aa;'-5*s(3 + 2!/3. 

2. In the equation of example 1, letting k = 2, H = 5 compute the 
increment in z due to an increment of . 1 in k. Also the increment m = 
due to an increment of ,1 in y. 

3. If M ^Sx'' + 3»yz + ^2 ^. 5^3 + j,32^ And the partial denvatuci yS 
u with respect to each of the variables *, y, z. 

4. In a = 23^ + 8icj/ + !), find the value of 22., (i)hydifferentiatmg, 



regarding y as constant ; (2) by giving a; an increment, Aa^ computing 
Aj^, and finding the limiting value of =^ . 
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243. The tangent plane to a surface. Let 

be the equation of a surface. Let P{xo, y^ '^a) he any point on 
this surface, and let the surface be cut by a plane parallel to 
the K-ajiis and passing through P. (Fig. 180.) The equation 
of such a plane is 

y^mx + b. 




Let P'(xa + ^x, yn + Ay, z„ + Az) be any other point o 
intersection of the surface and plane. Then 
y^ + Ay^m{xo + ^) + b, 
and ?/„ = mXo+ b. 

.'. Ay — 'mAx, 

or m= -2- 

Ax 

The equation of the line through P and P' is 

x-x,^y~y,^z-z^^ (Art 

Aa; Ay As 

or a! — Xa ^ y — y„ ^ z-g„ _ 

1 Ay Ax 
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Let P' approach the limiting position P. The line through P 
and P' approaches the limiting position of tangeney at P to 
the curve of intersection of the plane and surface, and lienee 
of tangeney at P to the surface. The equation of this tangent 
line is therefore 

■where n is the limiting value of — as P' approaches P. 
Ax 

To find the value of n, let F(x, y, %) be represented by u ; 

u = F{x,y,z). 

Since P' and P are both on the surface, therefore 

F{xi, + Ax, y„ + Ay, e„ + As} = 0, 

and F(x„, y^, ^o) = 0. 

_ . _ F(x^ + Aa;, y^ + Ay, z^ + As) - F(x^, yg, %) ^ q_ 

Aa; 

This equation may be written 

Flx^ + Ax, yd + Ay, g,, + As) - F{x^ y„ + Ay, ^<, + Aa) 

Ax 

^ F(x„, y„ + Ay, gp + Az) - F{x„, y„, z„ + Az) _ A^ 

Ay Ax 

I -Ffa, Ih. Zg + Az)- F(x^, yg, s^) _ As^^q 

As Ax 

If Ay and A? were held constant, and Ax allowed to approach 

zero as a limit, the first term of this equation would approach 

the limiting value 



Since, however, as P' approaches P, Ax, Ay, and As all 
approach zero, the limiting value of the first term is 
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Likewise the second and third terms approach the limiting 



dx 



de 



= 0, 



(2) 



the values of the partial derivatives being taken at (a^„ y^, Za). 

Equation (2) expresses tlie value of n in terms of m. If 
eq. (2) were solved for n, and the value substituted in eqs. (1), 
the equation of the tangent at P to the curve of intersection of 
the plane and surface would be obtained. The elimination of 
m between the eqs. (I) would then result in an equation be- 
tween the coordinates of points on any tangent line to the sur- 
face at P, i.e. the equation of the locus of all tangent lines that 
can be drawn to the surface at P. 

The elimination of m and n is most easily affected by solving 
eqs. (1) for m. and 7i and substituting their values in eq. (2). 
The result is 






= 0. 



Since this is an equation of first degree in x, y, and z, it is the 
equation of a plane. 

Hence all tangent lines to a surface at a given point lie in a 
plane. This plane is called the tangent plane to the surface at 
that point. 

Since u=:F{x, y, z), 

the symbol — may be used instead of — ■ 
dx dx 

Hence, if F(x, y,z) = Q 
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is the equation of any surface, then 

is the equation of the tangent plane to the surface at (xo, ya, z^)- 

243. IiLusTKATioB". Consider the ellipsoid, 

Here y(j!,5,2)=^ + | + ^-l, 

and ^=li M'=2l 5F^20^ 

ax <^' Hy y' dz c^ ' 
and hence the equation of the tangent plane at (a^, y^, Xa) is 

Since ^ + yl^?l^l, 

or I? e 

the equation of the tangent plane becomes 

244. The normal to a surface. A line perpendicular to a 
tangent plane to a surface at the point of tangency is called a 
normal to the surface at that point. 

If the equation of the surface is 

the equation of the tangent plane has been found to be 
/ \'>F\ , , .dF\ , , -.SF] f. 

o^'Wv^', oyWyr'<, aj;|vvQ 

The equations of a line perpendicular to this plane and 
through (% i/o, z^ are therefore 



SF\ 



(Arts. 220, 224,) 
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If the equat 


ion 


of the surface 


IB give 


n in the form 










•'=f{'', S), 








then 






Fix, 


S,«)~' 


-Si' 


J). 






and 


SF _ 


2 
& 


ax 




an 




dF 


= 1 


The equations 


of the noi 


mal then become 







245. The tangent line to a spaoe curve. Let i'Ca^, y^, %^ and 



P'(% + Aa;, ya + ^y, So + A^) be two points _- 
equations of the line through these points aie 
x — ieg _ T/ — i/a _^ z — Zg _ 

A^ A^ As 



Z, 



(Art. 223.) 



If X, y, and z are functions of some independent variable, t 
(compare the eqiiatione of the helix, Art. 236), Aa:, At/, and A« 
will depend upon A(. Let the above equations be multiplied 
by A(, Then 
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ANALYTIC GEOMETRY 



As P' approaches coincidence witli P, the ratios — 



^x Ay Az 



At At At 

approach the values of the derivatives of x, y, and z respectively 
at (^ J/to ^)- The line through P and P' approaches at the 
same time the limiting position as tangent to the curve at P. 
Hence the equations of the tangent to the curve at (%, »/„, %) are 



If the equations of the curve are the simultaneous equations 
of two surfaces, 

the values of — , -^, — may be obtained as follows: Since 

dt dc dt 
P' and Pare on the surface /(a:, y, %)— 0, therefore 

/{^ + Ax, y„ + Ay,e^+ Az) = 0, 
and fiXe, !/«Ko)=0. 

- /(a^i + Aa^, ^u + Ay, Zi,-{-Az)-f{xa, y„, ^o) _ q 
At 

Treating this expression as was done in Art. 242, there results 
^dx dfdy dfdz_Q 
dx dt dy dt dz dt 

Similarly, ^A^ + ^'M + ^'ll=o, 

■" dxdt Sy dt ds dt 

the values of all the derivatives being taken at the point 



From these equations there result 
dx dy 
dt dt 


dz 
dt 


df 3<^ df a^ Sf S<t, Of 5^ 
dy dz Sz dy 8z dx Sx dz 


Bx By dy dx 
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Multiplying the members of eq. (1) by the corresponding 
members of this equation, there result as the equations of 
the tangent line at (xq, y,^ Zo) to the curve whose equations ai'e 

and i>(x, y, s) = 0, 






246. UlustratioiiB. Example 1. To find the equations of 
the tangent to the hells at ajay point. 
The equations of the helix are 



(Art. 236.) 





%-"-'■ 




I-- 


Lce the equatii 


ans of the tangent to the helix at 


re $~df, are 




X-i 


(COS^n .y-asin^, ^-H 



Example 2. To iind the equations of the tangent to the 
curve of intersection of the cylinders 
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ANALYTIC GEOMETRY 


Let 


f{x,y,ii)=f + z'-a% 




*(«,!(, Z)=3!' + 2'-6". 


Then 


53! <ly Bz 




a = 2>,, « = 0, 4* = 2 



Therefore the equations of the tangent at (a!,,, ^i,, e^ are 



EXEHCISE LV 

Find the equation of the tangent plane to eaeii of the fol- 
lowing ten surfaces: 

1. ^ + y^ + ^^f^. 2. |_g + g = i. 

9. a^ys = c. ■ 10, 3 ^ 3 a; + 2 j/, 

11. Prove that the du-eetion cosines of the tangent to the telii are 

- a sin So a cos ffp b 

(Note that the angle between the tangent and the e-axis Is constant.) 

12. If the point generating the helis advances in the direction of the 
axis of the cylinder ^ of the radius of the ejlindet at each revolution, 
find the angle between the tangent to the helix and an element of the 
cylinder. 

13. Find tlie equations of the tangent to the helix at the point where 
e = 30°. 

Find the equations of the tangent to the curve of intersection of each 
of the following pairs of surfaces. 
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14. j/^ + b' = 1, K^ + 2 y* + 1 2^ = 4, at a point where 2 — J. 

15. 3 + 2y^:-4, x^ + y^-z = 0,&t, (1, 1,2). 

16. z^ + 2y^ = 4, 1? + y^ - ^=0,3.1, (1,1, \'2'). 

17. Prove tliat the direction cosines of the normal to 

at any point (x, y, «) are 

dF dF 

dx 5y 

8F 

WTWW 

18. Prove that tiie direction cosines of tlie normal to tlie surface 
at any point (x, y, s) are 

dx. ^ 

V'^^SNir' <^-Wrm' Mf)'-m 
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TABLES 

TRIGONOMETEIC FORMULAS 



sinM + cos=^ = l 


sinf^-^j = cos^ 


seo'^-tanM = l 


oo.(i-.)..a. 


esc^ A ~ cot^ A^l 


taiij^ — ^Wcot^ 


Bin ^ CSC ^ = 1 


sing + ^) = ™^ 


cos^sec^ = l 


oo.^ + ^)^-»i,^ 


tan ^ cot 4 = 1 


tan{^ + ^W — cot^ 




8m(^-^)= sin A 


cos{'!r-A) — — aosA 


tan(ir-^)= — tanj. 


Bin(-^)=-siii^ 


sia(^ + ^) = -sin^ 


cos(-^)- cos^ 


COs(,r + ^)=-C03^ 


tan(— -4) = — tan^ 


taii(7r + ^)= tan J. 


cot(-^) = -cot^ 




sec(~A)- see A 


sm(A + 2nir)= sin A 


em(~A) = ~eaeA 


C0S(^ + 2Mn-)= COS 4 




tan ( J. + 2 nir) = tan^ 




(ii a pos. or neg. integer) 
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tszi{A±B) 
sin 2 ^ = 2 sin A cos A 



TRIGONOMETRIC FORMULAS 

sin {A±B) = sin ^ cos jB ± cos A sin B 
COB {A±E)=eoiA<i03BT sin A sin B 
tan ^ ± tan B 
1 T tan A tan B 



cos 2 ^ = cos' A — sin' 
= l-2sinM 
= 2cos'^-l 



2sin'- = l-cos^ 
2 

3cos^— - = 1 + cos^ 

. A 1-cosA 
tan — = - 



sin^ 

2taD.i^ __ smA 

1 — tan^jl 1 + cos J. 

sin 3 -d = 3 sin j1 — 4 sin^ A 
cos 3 ^ = 4 cos' ^ — 3 cos -4 
sin A + sin B ^ 2 sin 



sin ^- sin 5 = 

cos ^ + cos B = 2 cos 

cos A — cos B = —2 sin 



2 2 

^+^sin^^. 
2 2 

2 2 

^ + .B . ^-g 



A 

sin A 


0" 


30° 


45" 


60° 


90° 


180= 


270" 


360" 





1 


V2 
2 


V3 


1 





— 1. 





cos A 


1 


V3 
2 


2 


1 





-1 





1 


t&nA 





V3 
3 


1 


V3 


» 
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LOGARITHMS 01' NUMBERS 



3010 
3222 
3424 



0043 0083 0128 

0453 0492 0531 

0828 0864 0890 

1173 1206 1239 

1492 1533 1653 

1790 1818 1847 

2088 2095 2122 

2330 2355 2380 

2577 2601 2625 

2810 2883 2858 

3064 3075 



4150 
4314 
4472 
4624 
4771 
4914 
6051 
5185 
5315 
5441 
5563 
5682 
5798 
5911 
6021 



7076 
7160 
7243 
7324 



3997 4014 4031 

4166 4183 4200 

4330 4346 4862 

4487 4503 4518 

4639 4654 4669 

4786 4800 4814 



5198 6211 6224 

5328 5340 6363 

645S 5465 5478 

5675 5587 6699 

6694 5705 5717 

5809 6831 6832 

5933 5933 5944 

6031 6043 6063 

6138 6149 6160 

6243 8363 6363 

6345 6365 6365 

6444 6464 6464 

6643 6661 6561 

6637 6646 6656 

"" " " 8739 6749 



3874 
4048 
4316 
4378 



0213 0353 0294 0334 0374 

fl607 0645 0682 0719 0755 

0969 1004 1088 1072 1106 

1303 1336 1367 1899 1480 

1614 1644 1678 1703 1782 

1903 1931 1969 1987 2014 

3176 2201 2227 2253 2279 

2430 2455 2480 2504 3630 

2673 2895 2718 2742 2766 

2900 2923 2945 2967 2089 

3118 3139 3160 3181 8201 

8824 3346 3366 3385 8404 

3623 3541 3660 3579 3698 

3729 3747 8706 8784 



5490 551 

5611 58; 

5729 57' 

5843 58) 

5965 591 

6084 6075 6085 



4099 4116 4133 

4265 4281 4298 

4425 4440 4456 

4579 4594 4609 

4728 4742 4757 

4871 4886 4900 

5011 5024 5038 

5146 6169 6172 

5376 5389 6302 

6403 6416 6438 

5527 6539 6551 

5847 8658 5670 

5763 5775 6786 

5877 5888 5899 



6474 
6571 
6665 



6830 6839 6848 



6011 6930 

6998 7007 7016 

7084 7093 7101 

7168 7177 7185 

7261 7269 7267 

7332 7340 7348 



7024 
7110 
7193 
7275 
7366 



6895 6405 6416 0425 

6493 6508 8613 6522 

6590 6699 6609 6618 

6684 6698 6703 6712 

6776 6786 6794 6803 

6886 6876 8884 6893 

6955 6964 6972 6981 

7042 7050 7050 7067 

7130 7136 7143 7163 

7210 7218 7226 7235 

7293 7300 7308 7316 

7372 7380 7388 7396 
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1 



7559 
7684 
7700 



8325 

8451 
8513 
8573 



9191 
S248 
9294 

9445 
9494 
9543 



7412 7419 7427 7435 7443 

7490 7497 7505 7513 7520 

7596 7674 7582 7589 7597 

7642 7649 7657 7664 7672 

7716 7723 7781 7788 7745 

7789 7796 7808 7810 7818 

7860 7868 7875 7882 7889 

70S1 7938 7946 7952 7959 

8000 8007 8014 8021 8028 

8069 8075 8082 8089 8096 

8136 8142 8149 8156 8162 

8203 8209 8215 8222 8228 

8267 8274 8280 8287 8293 

8338 8344 8351 8357 

8401 8407 8414 8420 

8463 8470 8476 8482 

8525 8531 8537 8543 

8585 8691 8597 8603 

8645 8651 8657 8663 

8704 8710 8716 8722 

8762 8768 8774 8779 



8938 8943 8949 

9047 9053 9058 

9101 9106 9112 

9154 9159 9166 

9206 9212 9217 



9360 9365 9870 

9410 9415 9420 

9460 9465 9469 

9609 9613 9518 

9557 9562 9566 

9605 9609 9614 



6 7 8 9 

7451 7459 7466 7474 

7628 7536 7543 7561 

7604 7612 7619 7627 

7679 7686 7694 7701 

7762 7760 7767 7774 

7825 7832 7839 7846 

7896 7903 7910 7917 

7966 7973 7980 7987 

8086 8041 8048 8055 

8102 8109 8116 8122 



8299 8306 8312 8319 

8363 8370 8376 8382 

8426 8432 8439 8445 

8488 8494 8500 8506 

8549 8655 8561 8567 

8609 8616 8621 8627 

8669 8(i75 8681 8686 

8727 8733 8789 8745 

8785 8791 8797 8802 

8842 8848 8854 8859 

8899 8904 8910 8915 

8954 8960 8966 8971 

9009 9015 9020 9025 

9063 9069 9074 9079 

9117 9122 9128 9133 

9170 9175 9180 9186 

9222 9227 9232 9238 

9274 9279 9284 9289 



9425 9430 9435 9440 

9474 9479 9484 9489 

9623 9623 9633 9538 

9671 9676 9581 9586 

9619 9624 9628 9683 

9666 9671 9675 9680 

9713 9717 9722 



9773 
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NATURAL SINES, COSINES, AND TANGENTS 



1.0724 
1.1106 
1,1504 
1.1018 
1.2349 
1.279e 
1.3270 
1.3704 
1.4281 



1.0626 
2.0503 
2.1445 
3.2460 
2.3650 
2.4761 
2.6051 
2.7475 
2-8042 
3.0777 
3.2709 
3,4874 
3.7831 
4.0108 
4.3315 
4.7046 
5.1446 
5,6713 
6.3138 
7,1154 
8,1443 
9,5144 
11,4301 
14,8007 
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ANSWERS TO PROBLEMS 

Exercise V 

2. 36° 63', 143' r. 4. 37° 4fl', 152° U', etc. ; 0590 ; .35. 

3. 24° 31', 204° .31'. 

Exercise VT 

3. (7.62, -66°«')<(5,S6°52'). 8. y = 0; z^^y^; y = C3:.; 

4. (1.73,1), (-2.12, -3,12). 2;= + 5)^ = 25; X' + y'^^'fl. 
e. = SO°i 8 = 0; i-cose = c; 9. (4.21, - 39° Ifi')' 

e = 4S^ ; e = 135°. 10. (5.24,3.57). 

Ibcercise VII 

8. 7.62, \/x^ + y'K 4. 11.40, 6. ^2 + ^2 = 25. 

Exercise Vni 



1. 5.04, 2, 11,05, 3. ^ (a - <;y^ ■\- Q> - d)'K 4. 7.47. 6. 5. 

Exercise IX 
1. 8.06. a. S.90. 4. S.OS, 

3. ,45 = 7.07, BC = 8.36, 5. 12.78,14.87,2.24. 

G4 = 7.70, 0^ = 3.91, 6. 6,90,6.54,8.40. 

OB =4.27, OC = 6.15. 

Exercise X 



Exercise XI 

1, (V-, -f)- 3. r = 2,k = -^. 

2. (-29, 27.5), (27, -18), . l a-nc h - nd \ 

S (' ^1 + ^^ ill + 2 i/^ \ / 2 j^i + y,; 2yi + ya \ 

■ ^ 3 ' 3 r ^ 3 ' S I 

287 
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Iixercise XII 

2. 36° 34', 93° 36'. j^ _ g 900 25-. 12. J™_. 

3. (-1,0). I-m' 

6. (13, - 1), or (- l>, - 19), 13. 87^4'. 14. -.3332. 
or (2,3). la. (1.2,-4.56). 16. (0, - am). 

7. 139° 24'. 8. 42° 50'. jj_ m -fii ^ /g -a(m + nj \ 

Exercise XIII 

I. 71.5. 2. 22.50. 4. ^ nr^ (sin 9; - »,) . 
3. i(^x,y2- r^'zyi). S. ICO. 

Exercise XIV 

1. 185. 2. 3684.34 3q. ft. 16. 114° 19'. 17. -4.871. 

3. 60305 sq.ft. 18. -4.186. 

4. (d) 41° 3', 88" 27', 100=30'. jg a + b . ^^ 3 j^^ 
12. 13.5. 13. i + !/ = 6. 1 -aft 

14. 3:a + y^-4a-(lj = 12. 

Exercise XV 

1. 33; + 7j = 31. la. x''-\-y^±2rx±2r>/ + r^ = 0. 

4. '2x->j-n = 0. 14. 16 3;= + 7 2(2 = 112. 

15. ix'^-tf + 20 = 0. 

16. 3^ + 8j/ + 16 = 0. 

6. y = mx + b. 17. &3k2+ 143 j/^ - 183^ + 2163; 

7. K2 + !;'-4Le + 8!/=5; Inter- -456 9- 1738 = 0. 
cepta, j; = 5or-l; 9 - .58 18. 523;= - 80;/^ + 2M«y -68»; 
or - 8.58. -I- 496 i/ - 1343 = 0. 

10. {x~hy-i-lji-ky = r''. 19. y^ + 22x-Sy-S^ = li. 

II. 3^ + »,= = >^_ 

Exercise XVIII 



± + 1 = 



1. x^ + 4j^=18. ^ ^,^ = -1^%, fl=45°, .,... 

2. 64^ -64;,= + 3 = 0. 2 ^^^i„ (i.^V^.gg). 



6. Lines a; + 2 ^ = and 

3^ = 0, referred ■ 



referred to II axes through 
(0, ■ 



« through (1, 1): p_ 2T^ + y^ = i,9 = 45°. 

10. x-^ - iC^ = 8, a = 45°. 
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8 ar - 3 (/ = 24._ 



9. { 



»-0. 



10. (/ - Jd = m(x - Xi). 

11. 3x-Ay+ Ab = 0, 
20. j; -3 = 6-94(3:- 1). 
31. Li,4x + Sy + 18=0; 



S3. 3x + iy + 15 = <}. 

36. j;-ft = ii^(a:--A). 

27. - .6642 X + .8357 j/ = 3, 

.9780 3: + .2088^ = 3. 

81. Sa^ + y + 10 = 0. 

33. 107 :t + 134 i^ - 187 = 0. 

34. &x + 5y= 13. 

36. 118!<: + my = i8S. 

36. 63 a: -I- 147 2/ = 538. 



Exerciae XX 



Exercise XXI 
3se = l, 6. (4.91, 102" 50'). 



Exercise XXII 



(0,0), J- = 5. 


13. 


3fi+y^ + 2x-(iy+6=0. 


(2, ~S),r = 5. 


16. 


a;2 + j,s + 2j:-6!, = 35. 


(-.75, 1.75),»--3.02. 


16 


x^+y^~4x-my+'^)^0 


(1, - 2), r = 0. 


17. 


a;a + j^ + fla; + iaj, = 85. 


(-.5, -.5),r = .707. 


IS. 


3^ + j,= _:la;-17!/ + 30=0 


No locus. 


19. 


21{3? + y'^)-e&x + 15y 


(2, -8),i- = 5.10. 




- 250 = 0. 


(M).-lv^- 


20. 

21. 





1. 



Hxercise XXIII 

= j^,F(|,V)- 0' 19,44 fL, 17. 7Sft., 15ft., 



8. x^ = v, F(-3, 0). 

4. :fi = iy, F(l, i). 10, !iy = '. 

6. y^^-ix, Va,i). 

IS. 2 AV = (ill + i/a - 2 y2}x'' + h(ys ~yi)x + 2 
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Exercise XXIV 


. ai! = 4j/, V(_S,-2). 


12, 


(V2-i}x'^ -{^2 + 1)11^ = 10 


. t^t^l, C(2, 3). 




= 67" 30'. 


4 


13, 


8 x^ + 28 f/2 ^ 13, 


i. The lines 3ic — y + T-O, 




C(-l,l),e = h,n-^h 


SK-i-y + 5 = o. 


14. 


The lines 2x + ly = 0, 


i.^-s^=i,olK~A- 




lx — 2y=0, referred to 


1 16 •"i.a' ; 




llaxesthrongliC-A. la- 


•■?-?—"-' ^- 


19, 


y^-»^ = 2, C'(-l,-2), 
6 ^ 45". 


9.47 3.99 


18 


y-k=±^{x-K). 


0. y^^ix, 8 = tan-4; 


19, 


x=bsa.Ay = a. 


■lA(-3, -3). 


23. 


xy-Ax-%y + l2=ii. 


1. x^-y''^l<i,e = i5''. 






Eseroiee XXVIH 


8. ±aV5. 9. ± 


cvT 


+ m\ 10. 6 


Exercise XXX ~ 


1. y = VSx±6. 


16, 


i;-^« + 3V2, 


2. y = x±-lO. 






3. a; + 2y + 6 = 0. 




j = -^3^-.3v'2. 


B. x~2y + li-0,Sx-2y + 2 = 0. 




■^ 4 


2, 2x + 2y+p = (l. 


17. 


y = aj:_7_l-2ViO. 



Exercise XXXI 

1. .007051, .030,301, 3.003001. 3. J, 3f, 0, f. 

3, -1, -I, i 4. ix-iy = &- 



Exercise XXXII 
1. » + B+ l = 0,*-j; =3- 3. 3a;-4y + 25=0,43;+3j/=0. 

8. TMigenIs, 2|;oy-8a(ft: + a;oS = 0, y =^0, Zx-2y=l, 3ic-!( = 4. 
B. Tangents, 0»-!f = 6, 6a: + y+30 = 0. 
8. 12° 6', 36" 52'. 9. 73=41'. 10, (-5,-6.75). 
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1. 2x ^ 

2V^ 



Hxerciae XXX HI 



j(, -^. 1*. Sx-y^i. 

s"+i IB. y^ - ^ + 1 = 0. 

11. 2aM((KC= + 6)''-i. 16. 43;-Sj/ + 25 = 0. 

12. -2 an- (? + ")""' . 21. k!/ + S'i)) = a*oK-i-ka:+a^) + c. 

(i - a)"" -i J 

13. y = ma+6. j^ l(_x+x<i)^ayoy+l{y+yo)+c. 



Exercise XXXIV 



1. (b-u}sm2x. 

2. 24taii22a(l + tan223:). 
8. I coa ( Vsin (. 



(l+sinO' 

2cosfa^'^"^ IS. Kseo^ce + tani. 

nm(tan"-'ma; + tan"-^'™n;). 16. sin a + 3^ coa x. 

2(siii^j: + cos'j;) 17. 4csc4a(l - Scsc^la;). 



sin^ ce cos' s; 



18. - mnq r\ - ^^ ■ 



aalnfj; 19. (x + l)smx-i- (x- l)c- 

n'e. 20, abnsm^-^bt ooi bt. 



Exercise XXXVII 



1. y'^ -6y + Sx = 23. 
8. Sx^-y^-mx + a 
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292 ANSWERS 

Exerciee XL I 

1. No locus, 2. Hyperbola, 3. Two intersecting lines. 

4. Two parallel lines. 5. One line. 6. Ellipse. 7. A point. 

8. No iocuB. 9. Parabola. 10, Hyperbola. 

Rserclae LIII 



E^cerclse LV 

8, p^v+v^ = It(t + t„). 



4. a^ + y^=p(x+Xo). 2V3 



three other a 
a- l^ y- 1 __ 
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The numbers refer to the p; 



AbBoisaa, 7. 

Addition of sesmenta, 3. 

Angle, between two lines, 21, 27, 

between two planes, 252. 
Area, of a triaQgle, 30, 31, 33. 

of a polygon, 35. 
Asymptote. 59. 

of the hyperbola, 108. 
Axes, of the ellii»e, 103, 198. 

of the hyperbola, 109. 200. 
Axis oi the parabola, 66. 

Cardioid, 138, 140. 
Center, of ellipse, 103. 

of hjiperbola. 109. 
Cbftnge of sign of Ax + By + C. N 
Circle, equation of, 88. 

through three points, S9. 
Ciroular measure of an angle, 17i 
Concavity, 183. 

Conio Sections, 192, 264. 

classification of, 199. 

polar equation of, 202. 

rectangular equation of, 196. 
Conjugate diameters, 213. 
Conjugate hyperbola, 109. 
Continuity of functions, 161. 
Co5rdinate planes, 233. 
Coordinates, Cartesian, 0. 

rectangular, 0. 

polar, 9. 

rectar^ular, in space, 233. 

polar, in apace, 230. 

Cycloid, 132, 140. 

construction of. 133. 
Cylinders, equations of, 243. 



Differenfiatioi 



IGl. 



formulas of, 162, 169, 175. 
Direction cosines of a line, 237. 
Directrix, of parabola, 92. 

of conic, 192. 
Discontinuity, 161. 
Distance, between two points, 18, 
20, 235, 236. 

from a point to a line, 83. 

to a plaue, 251. 

Eccentric angle of ellipse, 130. 
Eccentricity of a conic, 192. 
Ellipse, de&nition of. 45, 100. 

construction of, 131. 
Ellipsoid, 247, 257. 
Elliptic paraboloid, 248, 260. 
Empirical equations, 223. 
Epicycloid, 138. 
Equation of a locus, 41 . 
Exponential function, 123. 

Focal radii, of ellipse. 208. 

of hyperbola, 209. 
Foci of ellipse, 100. 
Focus of a parabola, B2. 
Function and variable, 38. 

G eneral equ ation of second degree,2 14. 

Graph of a function, 39. 

Graphical solution of equations, 143. 

Helix, 268. 

Hyperbola, definition of, 46, lOS. 
equilatiiral,-^. \\\ 
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Hyperbolic paraboloid, 261. 


Property of eUipse, 200. 


Hyperboloid, of one sheet, 268. 


of hyperbola. 210. 


of two Hheets, 239. 




Hypooydoid, 134. 


Quadric HurfaoeB, 257. 






of four cusps, 137. 


Radical axis of circles, 91. 




Ratio into which a point divides a line 




23. 26, 235. 


Inorements, 163. 


Rotation of ases, 65. 






Icterseotioii, of lines, 79. 


Sine curve. U7. 


of curves, 143. 


Slope, of a line, 22. 


Involute of circle, 139. 


of a curve, 165. 






Latus rectum of a conic, 206. 


Standard equations of second degree 


■■'-*»'aji''"' 


88. 
Straight line, equations of, 70-74 


Locua of an equation, 51. 


86, 253. 


Logarithmic curve, 123. 


Subnormal of parabola, 205. 






Maximft and minima, 178. 


Subtraction of segments, 4. 




Surfaces of revolution. 244. 


Normai, to a curve. 158. 


Symmetry, 55. 


to a surface, 376. 






Tangent plane to a surface, 373. 


Ordinate, 7. 


Tangents, slope equations of. 148, 149 




contact equations of, 156, 159. 


Parabola, 47, 75, 97. 


to space curves, 377. 




Transformation of coBrdinates, 64. 


Parabolic arch, 99. 


Translation of aies, 64. 


Parallel lines, condition for, 28. 


Trigonometric functions, 11, 


Parametric equations of loci, 129. 




Periodic fuactioiiB. 118. 


Variable, dependent and independent 




38. 


Plane, equations of, 249, 250. 


Vertex of a parabola, 95. 


Plotting in polar coordinates, 125. 


Vertices, of ellipse. 103. 


Projections. 15, 239. 


of hyperbola, 109. 


Propertyofrefiection, of parabola, 206. 


of conies, 193. 
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First Course in 
Differential and Integral Calculus 

Ev WILLIAM F. OSGOOD, Ph.D. 

Professor of Mathematics In Harvard University 

Revised Edition. Cloth, xv + 463 pages, $2.00 net 

The treatment of this calculus by Professor Osgood is based on 
the courses he has given in Harvard College for a number of 
years. The chief characteristics of the treatment are the close 
touch between the calculus and those problems of physics, including 
geometry, to which it owed its origin ; and the simphcity and 
directness with which the principles of the calculus are set forth. 
It is important that the fornaal side of the calculus should be 
thoroughly taught in a first course, and great stress has been laid 
on this side. But nowhere do the ideas that underlie the calculus 
come out more clearly than in its applications to curve tracing - 
and the study of curves and surfaces, in definite integrals, with 
their varied applications to physics and geometry, and in 
mechanics. For this reason these subjects have been taken up 
at an early stage and illustrated by many examples not usually 
found in American text-books. From the beginning the book 
has been a favorite with the academic classes, and it has now 
been adopted by somS of the best-known and best- thought- of 
engineering schools in the country, 

THE MACMILLAN COMPANY 

64-6 e Fifth Aveaae, New York 
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